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Abstract—This paper reviews the absorbing boundary
conditions (ABCs) used in the past 40-45 years tmlge
open problems with such numerical techniques as the
finite difference or the finite element methods. Nmerous
ABCs have been proposed over the years in the vatis
domains of Physics. The review is limited to the &al ABCs
that have been used in numerical electromagneticeyven if
some were initially introduced in acoustics. More
specifically, the review addresses the ABCs used fbee
1994, which were mainly analytical ABCs, the Perfdaly
Matched Layer (PML), used in the past 20 years, anthe
recently introduced Huygens ABC (HABC). The ABCs ae
briefly described, with an emphasis on their drawbaks
and limitations. A special attention is paid to the
absorption of the evanescent waves which is a catl
guestion in the matter of ABCs.

Index Terms— Absorbing Boundary Condition, ABC,
PML, Numerical Method, Electromagnetics, FDTD, FEM.

. INTRODUCTION

When solving the Maxwell Equations with such nurceri
techniques as the finite difference or the finiteengent
methods, the computational domain is discretizeti eglls or
elements which must be shorter than both the wagéhs of
interest and the geometrical details. In consequerbe
physical domain where the equations can be solvest iive
finite. This is inconsistent with most
electromagnetism that are unbounded in space. kamgles
are the radiation of an antenna in free spacelahteraction
of an incident wave with a scattering structure.

To overcome the contradictory requirements, thewiisg

equivalent sources inside the ABC or with a boundar
condition combined with the ABC. The ABCs reviewrdhis
document are onlthe time domain ABCs. However, most can
also be expressed in frequency domain form andtloam be
used with such frequency domain methods as theefini
elements or the parabolic equatidie review is also limited
to the local ABCs. There exist global ABCs where tie¢dfon
the boundary is estimated in function of the figldhe whole
computational domain, but their computational cigshigh
and they are rarely used in time domain methods.

There is a need of ABCs only with finite methodsittw
such other methods as the integral equation methbdse is
no need of ABC. Because the equations to be sohred
equivalent to the Maxwell equations, the boundanyditions,
and the initial conditions. The infinity of space then
implicit. For this reason, the need of ABCs appdaoaly
when the computers became able to handle finitehodet
resolutions. The first paper in the literature apgrthe way to
such a possibility was probably the one of K.S. Yfed966
[1], which presents the FDTD method. There is noCAB
this paper, but it is evident as reading it thatDTD method
is limited to finite domains, which implicitly suggts that
something must be done to apply the method to timeenous
problems of electromagnetism where the physical alomns
not bounded by enforced boundary conditions. Tist fiaper
that reported the use of the FDTD method to solme a
unbounded two-dimensional (2D) problem was pubtishg
Merewether in 1971 [2]. The ABC was the ‘“radiating

problems ofboundary”, later used in 3D by Holland [3].

After the Merewether work, numerous ABCs appeared i
the literature. Schematically, there has been tperéods in
the development of ABCs. The first period, from 19
1994, where several ABCs were introduced in acosistind in

boundary conditions (ABCs) have been introducedeyTh electromagnetics. Most are analytical ABCs, whigrans that

replace or simulate the infinite space that surdsuthe finite
computational domain. They permit the solution t® #&n
acceptable approximation of the solution that woldd
obtained within a really infinite domain. The acacy of the
approximation depends on the features of the ABE am
many other parameters, and there are some limiwbm the
simulation of free space with an ABC. Especiallye tABC
cannot replace sources which are outside it. Wheysipal
sources are outside the ABC, they must be replaeital

1

the field on the outer boundary is computed by daae
formula in function of the field at some locatioms the
interior of the domain. The second period, from 498 the
years 2000’s, followed the introduction of the Retly
Matched Layer (PML) [4]. Because of its far better
performance than that of previous ABCs, during thésiod
almost all the works on ABCs were focusen the PML. In
the third period, corresponding roughly to the pE3tyears,
other ABC ideas have been proposed in the litezatBome
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are of interest and lead to ABCs that can challehgePML,
at least in some situations.

This review is composed of three parts that coordpto
the three periods of the ABC developments. Firdthg
analytical ABC period, up to 1994, second the PMiriqd,
and third the recent period where new ideas emergbd
different ABCs are briefly described with a spe@ahphasis
on their drawbacks and limitations. In particuldue question
of the absorption of the evanescent fields by tH&CA is
discussed. This is a critical question that exglaiiny some
ABCs perform better than others.

Il. THE ABSORBINGBOUNDARY CONDITIONS IN THE1970
AND 1980Y EARS

The need of ABCs appeared at the beginning of @ie 7

when the computer technology permitted finite diéfece
methods to be used. In electromagnetics, the FDEthod
[1] was used initially for the calculation of theupling of the
nuclear electromagnetic pulse (NEMP) to structuféss is a

typical problem where an ABC is needed. NEMP capli

then played a capital role in the development ofC&BIn the
USA, the radiating boundary ABC described in 2001871 [2]
and in 3D in 1977 [3] was probably the most usedCAB the
early NEMP works. In France, use of FDTD also begith
NEMP studies, in 1976. To this end, the matcheerlgiL)
ABC was developed [5, 6]. The ML was probably uaedvell
by some workers in the USA since its use was aponted in
[7].

Several analytical ABCs were introduced in the 7&s
80’s. Most for the acoustic waves, but they cowddapplied to
electromagnetic waves as well. The most known &
Engquist-Majda one-way wave equations [8], andHigglon
operators [9, 10]. Among others some are the Baydisd
Turkel condition [11], the Reynolds condition [12he Keys
condition [13], and the Liao condition [14], whichre
reviewed in the following.

[I-1. A simple and intuitive ABC for traveling wase

A common feature to most analytical conditions le t

assumption that the waves to be absorbed are ingughves

propagating with the speed of ligat In such conditions, an

intuitive and simple ABC can be derived. Assumihgttthe

propagation is irnx direction perpendicular to the boundary,

traveling waves can be expressed in the form

E(x,t)= f_(t-x/c)

where E is the electric field,fz is a function of a single

variable, and is the time. Deriving (2.1) with respect with
andt shows that the wavé¥x, t) also satisfy the equation

OE  10E

— 4+ = O

ox c ot
From (2-1), the field on the boundary at a givemnett is the

field that was present at the locatih from the boundary at

time t-At, whereAb is the distance of propagation duriAg

that isAb = c At. This is schematized in Fig. 2-1 and can be

written as

E(x,,t) = E(x, —Ab,t —At)

(2-1)

(2-2)

(2-3)
2

wherex, is thex coordinate of the boundary. Using (2-3) as a
boundary condition the absorption is perfect foe thlane
waves at normal incidence. But for any other inoae it
produces a reflection which can be easily predictiea do
this, let us consider a plane wakgstriking the boundary at
incidenced, with the corresponding reflected walie(Fig. 2-

2). Settingx = x, = 0 on the boundary, they can be written as

E (X y,1) = Ey CE (2-4)

E, (xy,t) = E, /"7 (2-5)

wherek,= w cod/c andk,~w sind/c are the wavenumbers in
andy directions.

E(%o,1)
® timet

7

- CA
s

-7 Ab : )
L o time t-At
E(xp-Ab, t-At) {
Boundary
X =%

Fig. 2-1 Field on the boundary at current tirhén function of the field at
previous time-At.

Enforcing condition (2-3) on the boundary means tha sum
of the two waves satisfies (2-3). This yields

Eo_ejax + Eo glet/ = Eov ejw(t—At)+jkxAb) + Eo ejw(t—At)—jkxAb
t (2-6)
Assuming in addition thafb is small with respect to the
wavelength, the exponentials can be replaced whighr ffirst
order expansion, which yields

By + Eo = Eq (1— jaAt+ jk Ab) + E, (1 jedit - jk,Ab)

(2-7)

K
The Boundary
—
/v}/ ;
X=X%=0

Fig. 2-2.A plane wave at inciden@on the plane boundary.

From which, usingAt = Ab/c, the reflection coefficient =

Eo/Eqi is,
— kx - CL/C (2_8)
k,+wlc
or, sincek, = w cod/c:
r — CO§_1 (2_9)
cosf+1



Forum for Electromagnetic Research Methods and Apptation Technologies (FERMAT)

The reflection is shown in Fig. 2-3 (the travelingve curve).

As expected it vanishes 8t= 0, but it is total at grazing
incidence, and equals 17 % at 45°. It should beedthat the

reflection (2-8) can also be obtained by enfordimg sum of

waves (2-4) and (2-5) into equation (2-2). The itz

equation (2-3) is consistent with the partial dative equation
(2-2).

Reflection (2-9) has been derived for pure travglivaves.
Consider now evanescent waves. It is also possibterive
the reflection coefficient. The plane wave solusioof the
Maxwell Equations whose phase propagates in daeétiof
the &, y) plane and whose magnitude is evanescent in

in the following also assume that the outgoing vsaage
traveling waves. Despite that they are derived gigimore
mathematics, in their first order versions they actually
equivalent to the above intuitive ABC (2-2) or (2-Bnd their
more sophisticated high order versions can be \deas
successive applications of the first order versidfirom this,
they also suffer from the drawback summarized ig. 23,
i.e. they strongly reflect the evanescent waves.

[I-2. The Engquist-Majda ABC

Engquist and Majda [8] derived a family of ABC'®fn the
teecond order wave equation, which reads, by asgumin

direction 6 +172, can be written in the form (2-4), but withinvariance ire direction:

wavenumbers (see Appendix A)

Kk (2-10)

X

= (cosh x cos@ + jsinh xsin 8)
c

a ; isi )
ky = f(COSthm 6~ jsinh x cosé) &

where) is the evanescence coefficient. Traveling waves ar

1 0’E _9%E . 9%E
+

(2-13)

the special casg = 0. The reflected wave remains in the form

(2-5) because it propagates in direction-6 and its x

coefficient is of opposite sign (see Appendix A)heT
derivation (2-6)-(2-8) then remains valid. Using1@) and (2-
11) into (2-8) yields

(= coshy cos@—1+ jsinh ysing
coshy cos@+1+ jsinh ysing

(2-12)

which obviously reduces to (2-9) whegn= 0. For any other

value ofy, the reflection does not vanish at normal incigenc Which can be rewritten as

For example,r(0) = 1/3 with cosip= 2. And for strongly
evanescent waves (cosh> 1), the reflection is totak (= 1)
for any8. The reflection is plotted in Fig. 2-3 for cosh 1.5,
3, and 10.
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Inserting a plane wave propagating in directipnn the form
(2-4), yields the equation of dispersion
W’ lc?=k; +k? (2-14)
which can be rewritten usirlg = w sind/c
(2-15)

k,=+% [1-sin26
(o}

Quantity sif@ is small v.s. one, as long ss not too large.
This suggests using an approximation of the squ@se The

simplest reads, by retaining the + sign
k,=alc (2-16)
jk, =1% (2-17)
C

Using the derivatives of waveform (2-4) shows ttafl7) is
nothing but the equation of dispersion of the tidmmain
equation (2-2), which is then the first order Engtiiviajda
equation. Using it as a boundary condition produties
reflection (2-9).

Boundary i=ib

AXx
Eip-1, j+1

Eip, j+1

Ay
Eip-1, |

Eip, |

Fig. 2-3.Reflection coefficient for a traveling wave and for three evanescenfig. 2-4.Finite difference grid.

waves of cgg = 1.5, 3, and 10.

In summary, by assuming that the waves are puvelira
waves, boundary conditions can be easily found,tha
continuous (2-2) or discrete (2-3) forms. They wvall absorb
the traveling waves, at least at incidences closté normal
incidence. But the evanescent waves are poorly rebedp
especially the strongly evanescent ones whicheftected in
totality at any incidence angle. The analytical AB@viewed

Using (2-2) as an ABC in a finite method consigts i
discretizing it in order to permiE to be computed on the
boundary in function oE at inner nodes and, or, at previous
time steps. Consider the finite difference metHedT{D) with
nodes separated witkx andAy in space (Fig. 2-4), sampled in
time with stepAt. The discrete values & are computed at
nodes i, j) and at timesn. The discrete condition (2-3) is
consistent with (2-2), but it cannot be appliedtasands since

3
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would be needed to enforce (2-3). A discrete caomlithat
can be used with any stéyx can be obtained [8] by a finite
difference approximation of (2-2). More preciselfsy which is also the square of the first order reftaec(2-12).
discretizing the derivatives on space and time 2r2) at The finite difference discretization of (2-23) daa found in
locationAx/2 from the boundary, and at an intermediate timgl5] or in textbooks [16, 17]. A third order equatiwas also
betweenn and n+1 (called the “box” discretization). This derived in [8] using a Pade approximation of thaasq root,
permits use of centred derivatives in space ane.tilith achieving a reflection equal to the cube of (2-Bater,

in generalAb is not a multiple of the stefix. Interpolations
r=-
(cosh)(cosé’+l+ jsinhysin@

coshycosd -1+ jsinh)(sinél]2 (2-25)

usual notations of the FDTD method, this reads: Halpern and Trefelthen [18] derived other equatibpaising
n Nty Jo_ (En n+l other approximations of the square root, such astdequares
(Bo, + B )/2= (Bousy + B ) /2 or interpolation at Chebyshev or Neuman points. s€he
Ax approximations permit the angle of exact absorpfigherer
1(Ep, +EpT)/2-(Epy, +Ep )2 (2-18) = 0) to be shifted to non zero angles (two anglesrer = 0
+E At =0 for the second order equation). This improves th&ogption

at wide angles. Discussions and experiments oreffieet of
from which the unknowik field at timen+1 on the boundary the choice of the approximation can be found in, [20].
is found in function of known fields: However, whatever may be their order and their derity,
ntl _ =n el n ) all the approximations only considered the absorptdf
By = Bouy ¥ WEpoy W (2-19) traveling waves. This means that evanescent waves a
where reflected, partially or in totality, depending orheir
evanescence coefficient. This is why in electroneigs,
- GAt-Ax (2-20) where there are always evanescent fields, the plisorwas
CAt +Ax not significantly improved by using Engquist-Majelquations
As expected, it can be easily verified by insertiagl) and (2- of order higher than two. For a decade, up to 199 most
5) into (2-19) that its reflection coefficient i2-0) for used ABC has been the second order ABC (2-23), itdth
traveling waves, and (2-12) for evanescent waves. FDTD implementation in [15], known as the Mur ABThe
Higher order approximations of the square root2rl%) Engquist-Majda ABC has been also used in frequeioeyain
yield higher order ABCs. The second order is olgdify form with the finite element method [60].
using the first order Taylor approximation:
[I-3. The Higdon ABC
k,=%2(1-Lsinzo (2-21) - -
T8 2 The theory of the Higdon operators was _prese_nte’dvm
papers [9, 10]. Conversely to the Engquist-MajdaCAaB
which are analytical approximations of the waveagiqun that
(2-22) are discretized for application to finite methottse Higdon
operators are directly defined in the discrete spatigdon
From the second derivatives of (2-4), this is theagion of first defines two operator( andZ*, which shift backward
dispersion of: the physical quantity, by one space step and ane &tep,
) ) ) respectively. In electromagnetics, this readsttieiE field:
0°E, 0°E _1 ,0°E }
+ =Zc (2-23)

ot? Caxat 2 oy’ KE" =g, and Z7E =7 (2-26)

|
which is the second-order Engquist-Majda equati8h [t wh_erei is the index of the mesh in the direction of thacsp
should be noticed that (2-23) has been derived assaming Shift perpendicular to the boundary. He then caersid
invariance inz direction. For a true 3D case, the othePPerators composed of the addition of the ideripgrator
transverse derivative, i.6°E/8Z, must be added &E/3y? in with a polynomial combination d€ andZ”, in the form:
(2-23). _ » BK,ZY)=l-aK-a,2"-a,KZ -a,K?-a. Z27%~.....
The reflection coefficient of (2-23) can be obtainas (2-27)

previously by enforcing the sum of (2-4) and (2-Bhis
yields, for the traveling waves where K™ and Z" mean that the shifts are appliedand n

{0099—1)2 times (shifts bym Ax or n At). Applying B(K, Z%) to the

that can be rewritten usirg=w siné/c
- +wck, = —czék

2
y

(2-24) unknown field value on the boundazy:
p— u wn field valu undagy"

L ] . B(K,Z™)Ep" =0 (2-28)
which is just the square of (2-9). The second ortgration b.j
(2-23) allows then a better absorption of the tiagewaves. givesEigj} in function of E at interior nodes of the grid € ib)
At 8 =45° the reflection is about 3% in place of 17%r the 5t timen+1 and at nodes £ ib) at previous times.
evanescent waves, enforcing (2-4) and (2-5) witd @R and Consider for instance the operator
(2-11) into (2-23) yields

B(K,ZH)=1-KZ*-wK+wz™ (2-29)
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n+l

b yields (2-19). The

first order Engquist-Majda approximation can bewead as a
Higdon operator. This operator is then consisteith the
equation (2-2). And its reflection coefficient i2-9) for
traveling waves, and (2-12) for evanescent waves.

An important result of the Higdon papers is thegiuBty
of multiplying the operators, where the multiplicat is
defined as with polynomials. Then, the reflectiareficient
of the resulting operator is the product of théerfons of the
two operators. This permits easy design of higheord
operators with desired features by combining lovdeor
operators. In fact, in his paper [10], Higdon cdess the
operator (2-29) with the following quantity:

with w from (2-20). Its application tg,

_ CAt—cosf, Ax

=== > (2-30)
CAt + cosg, Ax

Then, (2-29) corresponds to the discretization of t
continuous equation

a£+cosgoa£:0
ox c ot

The interest of the introduction of &ds that the reflection is
no longer (2-9), it becomes

(= cosf - cosb,
cosg+cosf,

(2-31)

(2-32)

that vanishes at the andle= 6, in place ofd = 0. An operator
of orderp can be obtained by multiplying operators (2-29)
with different angles of zero reflectidy

p

-1y — _ -1 _ -1 -
B,(K,Z )—”(I KZ™-w, K+w, Z7) (2-33)

J:

where thew; are given by (2-30) with the desirdlj. The

reflection is then the product pfreflections (2-32). Thip-
order operator is consistent with the continuousaéiqn

£+cos90jg E=Q
ox c ot

i

In practice of electromagnetics, the operator thas used
was the second order o< 2), which reads, from (2-33):

(2-34)

B,(K,Z™)=1—(w, +W,) K + ww,K?
(W + W) Z7 = 20+ wn) KZ 70+ (w ) K2 2

+WW,Z 2 = (W, +W,) KZ7Z +K?Z7? (2-35)
The expression oE™! on the boundary follows immediately
by using (2-35) into (2-28). With the FDTD methoih
generalw; andw, were chosen such th8§; = 65, = 0, with
then reflection coefficient (2-24)-(2-25).

What should be noticed is that the second ordedatig
ABC only needs field values at nodes located on lihe
normal to the boundary. Conversely to the discatiim of
Engquist-Majda (2-23) where values at nodes ouhiaf line
are needed due to the second order derivative rgctitin
parallel to the boundary. This is an advantage igtlbh ABC

in the edges of computational domains where (2e28not be
used and must be replaced with the first order)(2-2

Since the theoretical reflection from the Higdoregtor is
the same as that from the Engquist-Majda ABC, adtlevhen
all the zero reflection angléequal zero, the performances of
the two ABCs are quite similar, which means goosoajtion
of traveling waves, but strong reflection of evaress fields
in both cases.

[I-4. Other anlytical ABCs

The first ABC reported in the literature is probalihe
radiating boundary[2, 3]. It consists in estimating the field on
the boundary in function of the field at inner ne@dssuming it
varies as

E(t-R/c) (2-36)

E(R t) =
whereR is the distance from a point somewhere in thearent
region of the computational domain. Obviously, tfisld
form comes from the behavior of the field radiatad away
from such sources as antennas or scattering stesctiihe
form (2-36) is close to (2-1) with in addition tleeefficient
1/R to take account that the field decreases withadist.
Also, the estimate relies on field values locatedines from
the current node on the boundary to the centehefdbmain,
instead of on lines perpendicular to the boundaryrinciple,
this could be more accurate than the first order duHigdon
ABCs, because of the better match of the physield by the
assumed evolution (2-36) in many problems. Howetee,
implementation was complicated, especially in 3D fd it
seems that this ABC suffered from late time ingiiybj21].
And, as Mur or Higdon ABCs, the absorption of esent
fields was not addressed, which probably explaify the
ABC had to be placed some distance from the saagter
structure, as reported in [3].

Another ABC used in the early times of the FDTD haeet
was that used byTaflove in his pioneering work on
bioelectromagnetism [22, 23]. On the boundary hioread
the average of the fields that were present at dlosest
interior three nodes two time steps before. If dilg closest
node were used, since he worked withc2At = Ax the
condition would be exact for plane waves at norimeidence,
like with the ABC schematized in Fig. 2-1. The agng
removes the exactness at normal incidence, butapitpb
improves the absorption at wide angles.

The Bayliss and Turkel condition[11] is an ABC
introduced in 1980 for electromagnetics. It canviewed as
an improved Merewether ABC. It also relies on tleerdase
of the field with distance from a radiating objebtt it uses
more sophisticated waveforms. Instead of (2-3G)sis the
expansion of the field with a series of terms dasirgg as the
powers of 1R. Operators that annihilate the outgoing field are
derived, with different orders of approximation.efimethod is
in principle more accurate than that of Merewetliert, it is
also expressed in spherical coordinates, so that
implementation in a FDTD Cartesian grid is not natwand
complicated. Its use on a circular boundary in fileguency
domain FEM is reported in [60]. As Enguist-Majdadan
Higdon ABCs, the Bayliss and Turkel ABC only addes

it
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traveling field and then cannot work properly ie tricinity of
sources where evanescent fields are present.

alc=Ak, -~ pk, =0 (2-43)

The Reynolds AB(12], published in 1978, is interesting USing the derivatives of (2-4), this is the equatiof
because it connects the Engquist-Majda ABC, pubdism  dispersion of

1977, with the future Higdon ABC, published in 1986
facts, the operator (2-29), generally known as Ithgdon
operator, was previously used in the work of RegaoBy
reasoning as in the above section 2.1 he derivedirst order
equation (2-2) and its reflection coefficient (2-9hen
through a relatively complex derivation where aaguoot is
approximated, he arrived at the following approxiom of
the wave equation

10°E L 0°E 10°E _
coxot ox* 2y’

He could not obtain stable finite difference appmmtion to
(2-37) and then replaced the second order derwadtivthe
transverse directiop using (2-13). This gives:

0 (2-37)

2 2 2
i6E+gaE+aE: (2-38)
c? ot> coxot ox?
which can be rewritten as
(a +laj (6 +1ajE =0 (2-39)
OX cot)\ox cot

We firstly notice that (2-39) is nothing but thecead order
Higdon equation, i.e. (2-34) with=2 and6,=0. Secondly,
using the wave equation (2-13) to eliminat&/3x, equation
(2-38) becomes (2-23). All this shows that the secorder

oE
A—+
0X H

67E+267E:0

(2-44)
which differs from the first order Engquist-Majdquation (2-
2) by the presence of derivatives in batlandy directions.
Using k=w co$/c andk, = w sinB/c shows that (2-42) is true
only for the two angle8, and6, that satisfyA co® + p coD =

1. For these angles, (2-44) is exact. By expressiagdpl in
function of8; and®0,, it is possible to arrive at the first order

equation of Keys [13], which reads
cosé, 9 +siné, 9E , 006, OE _, (2-45)
0X ay c ot
where
g -0t6 ; g -6"0 (2-46)
" 2 2

By using (2-45) as a boundary equation, the rafiact
vanishes for incidence®, and 6, where (2-45) is exact. The
two angles can be chosen at will using (2-46). ghbr order
equation can also be derived in the same way [di8}ting
from the following approximation of (2-41):

(wle-Ak,— k) lalc=Ak -k, )=0  (2-47)

Engquist-Majda equation, the second order Reynolds There is no detail in Keys paper on how (2-45) ten

equation, and the second order Higdon operatorc@isistent

implemented in a finite difference method. And apepdly the

and correspond to the same approximation of theewatf€ys equations have never been used in electrortiagne

equation. This can also be viewed by deriving (2-&7(2-38)
from (2-22) which is the equation obtained by apprating
the square root in (2-15). For (2-38) for exam®22) can
be rewritten, by replacinky, with k,:

_1£2+9 kx—ikf =0

2c® ¢ 2

This is the equation of dispersion of (2-38), whishthen
obtained with the same approximation of (2-15)ha¢ tised in
the derivation of the Engquist-Majda equation (2-28nd
consequently the Higdon operator (2-39) also cawibaed
as derived from the same approximation. Reading jiL2an
be noticed that Reynolds introduced a parametir (2-37)
which is then present in one parenthesis of (2v@8&re 1¢ is

(2-40)

TheLiao extrapolation AB(14] is a condition which relies
on another principle. It does not assume that thgew are
traveling waves propagating with the speed of ligiétead, it
only relies on extrapolation of the field. For eaude of the
boundary where the field has to be predicted, a thiew
backward-difference polynomial is found from valugfsthe
field at a set of nodes located on the line northealthe
boundary, at previous time steps. Usually, sucllgnomial
is used to interpolate between values used to fiisd
coefficients. Here it is used to extrapolate thadfion the
boundary at the desired future time. This resuitan ABC
which is claimed as more effective than the secornder
Higdon or Mur ABCs. This may be due to the fact tha not
assumed that the outgoing waves are purely trayeliaves.

replaced withp/c. In fact, this parameter is equivalent to thé-rom this, the absorption of evanescent waves neapetter

cog, in the Higdon equation (2-31). It cancels theeetibn
for co® = p, as can be verified in the table in [12].

The Keys absorbing equations[13] are another
approximation of the wave equation and can be ddrin a
similar way as the Engquist-Majda equations, bytisig from
(2-14). To this end, let us rewrite (2-14) as

wic—\JkZ +k2 =0 (2-41)
and let us assume that :
i +K2 =k +uk, (2-42)

This gives

than with Mur or Higdon ABCs. There is no sufficien
experiment in the literature to clearly concludetbis issue.
The Liao extrapolation suffers from instability,tbuseems an
effective remedy was found consisting in the intrctébn of
small losses.

Strictly speaking, thiMei-Fang superabsorptiof24] is not
a new ABC, but rather a technique to improve the
effectiveness of existing analytical ABCs with tRTD
method. It consists in computing the futugefield on the
boundary and the fututd field half a cell from it by using the
ABC as if theH node was on the boundary. Assuming then
that the outgoing wave is plane and at normal Boe
permits a relationship to be found between therserod the

6
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two estimates, from which the error produced bydktmate The condition is approximately true for the speatrof the
of E on the advance d¢f with the regular FDTD equation can evanescent waves present in many physical proll2én7].
be eliminated. Thél field half a cell from the boundary plays The relationa =w sinhx could then be exploited to set the
then the role of an exact ABC, for the assumediit plane optimuma in the same way as the parameter of the CFS-
wave. In practice, it has been reported a signmiticaPML is optimized [26, 27].

improvement to the absorption of the first orded aecond

order Mur ABCs. However, the improvement may not b8-5. The complementary operators

better than the one that could be obtained by ijustasing The complementary operator ABC was introduced i519
the order of the_ original AB.C. _And the techniquée® again by Ramahi [28, 29]. Strictly speaking, this is rotnew
on the assumption that the incident waves are ltrayeaves, analytical ABC, but rather a method that permits éflection
which means that it has probably no effect on ese@®t from existing ABCs to be dramatically reduced. Hasic
fields. _ . ) i principle relies on performing two calculations it
_An interesting ABC that was briefly reported in thecomplementary ABCs producing opposite reflectiafisone
literature is theBetz-Mittra ABC[25]. This is a modified cajculation produces the fieH in the computational domain
Higdon operator which is designed for absorbing thgng the other the fieldES, including opposite spurious
evanescent fields. To this end, the equation (#Rich is reflections from the outer boundary, the reflectiore (say
consistent with the first order operator (2-2%eplaced with exact) solution can be obtained by averaging theresults:

—+—-——+a0=0 (2-48) pexact E+E° (2-53)
2
However, there are challenging questions when apgplshis

(K, ZH=1-wKZ'-w,K+w,Z™ (2-49) idea. Firstly, finding complementary ABCs is navial, and
1 2 3 . . . .
secondly the multiple reflections of the field frahe different

whose discretization gives the following operator

where: outer boundaries of the computational domain awdnfthe
W= CAt + Ax—a AXAt /2 DW= CAt—Ax—a AxAt/2 : objects inside it render the exactness of (2-5&stianable.
L cAt+AX+a AxAt/2 2 cAt+AX+aAxAt/2 The problem of the complementary ABCs has beenesolv
by Ramahi in an elegant manner. He showed that
_ CAt—Ax+a AxAt/2 (2-50) complementary operators can be designed, basedhen t
° CAt+AX+aAxAt/2 Higdon operators. The complementary operators ahédta

The coefficientn in (2-48) permits the spatial derivative tO_produce opposite reflections in the continuous sEacwell as

have a contribution that takes account of the dmaef the 1N the discrete FDTD space, rigorously. In contisispace,
magnitude of the field in the direction normal ke houndary, the Ramahi pair of complementary equations that@pmate

that is to take account of evanescent waves. Byreiny the 1€ wave equation on the boundary read

sum of (2-4) and (2-5) with wavenumbers (2-10) é2d.1) 9 *(8 cod 9
into (2-48), the following reflection is obtained — I‘l[ +°Jj E=0 (2-54)
o ) ) ox 1\ ox c ot
[ = coshycosfd -1+ jsinhysin@+ jala (2-51)
coshycosfd +1+ jsinhysinéd- ja/w a P [a+cost90j aJ E=0 (2-55)
which obviously reduces to (2-12) wher= 0. We can note ot L\ ox c ot

that for traveling waves (cogl= 1, sintx = 0) r equals (2-9)
at high frequency >>a) andr = 1 at low frequency
(w<<a). This is not a drawback since (2-49) can b
multiplied by the normal first order operator tosalb the

traveling waves, as in [25]. For the case whére 0 and product of the normal operator with the reflectioh the

costy >> 1 (strongly evanescent waves), there iS NQqgitional operators equivalent to the additionatitives.
absorption since = 1 (ratio of complex conjugates). A More~gnsider for instance the equatiodE/5x=0. Its box

interesting case is wheh = - /2 which corresponds to the jiscretization. as done with (2-2) in (2-18), yield
propagation of the phase in direction parallelh® boundary, ’ ’

They just differ from the Higdon equation (2-34)thwithe
multiplication by the derivativesd/dx and &/dt. These
%dditional terms permit the reflections to be op@os
rigorously. From the Higdon theory, the reflectias the

and the direction of evanescence perpendicular he t B =Ep., +E0%, —Ep (2-56)
boundary (Appendix A). In that case:
o . and similarly, the discretization 6&/5t=0 gives
r_—l—Jsmh)(+Ja/a (2-52)
1-jsinhy-jalw Eigtjl = Eig—l,j - EiEJj.,j + Eig,j (2-57)

For strongly evanescent waves, i.e. xintr1, the reflection is In terms of operators, the two complementary AB@s then
null on condition that =w sinhx. It will be seen further in b€ written as
this document that a similar condition must holdwas| for -1 -1 -1 -1

. . BP(K,Z7)=(1-KZ™-K+Z2)B_(K,Z 2-58
cancelling the reflection of evanescent waves IBF&-PML. « ( )= ) By ) ( )
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Fig. 1. Mnultiple reflections due to terminal boundaries, comer regions, and
the scatterer (for simplicity, the scatterer is assumed to reflect the field by
a factor «).

Fig. 2.
annihilate comer reflections for 2-D space.

+
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The four different permmtations of boundary operators meeded to

TABELE I
CoRNER. REGION REFLECTIONS
Lt reflection .[H.l-:l._ 2nd reflection (R2)
solution #1 I Rr?
solution #F2 —# It

ki
i

solution #3

solution 1

Fig. 2-5. The various multiple reflections that occur in tb@mputational domain (left-hand part), and theusoh proposed by Ramahi to cancel corner
reflections in 2D (right-hand part). Source: RamdBEE Trans. Antennas and Propagatiowol. 46, pp. 1475-1482, 1998 © 1998 IEEE.

B’ (K, Z)=(1-KZ'+K-Z") B,(K,Z™") (259

of the complementary method which permits effective
absorption of evanescent fields, as illustrated dmyeral

where Bp(K,Z'l) is operator (2-33). Using the sum of thexperiments in the papers of Ramahi.

incident and reflected waves (2-4) and (2-5) irt66) yields
the reflection coefficient of the discrete versufrthe operator
0/dx as:

—alkdX | qriwnt o kX et _
" __l-e™"+e e™™e _olk&  (2-60)

X =

1— @ KX gt _ o [KAX oojat

Similarly, (2-4) and (2-5) into (2-57) give the legftion of the
discrete version a/dt

JkdX _ Amjwbt _ A JKAX - jadt )
1l+e e e™e _elk&x (2-61)

r=- - - - -
t l+e—1kxAx_e—JwAt_e—kaAxe—JaAt

The reflections are of opposite signs, as desiegdn in the
FDTD grid. The operator8/dx and /6t are complementary.
They could be used alone to produce opposite teftex of
magnitude one. Obviously, one had better to muyitighlem
with another operator that absorbs the waves, §2-58) and
(2-59) where they are associated withparder Higdon
operator. Ramahi in his papers produced results it 2 and
p=3.

It should be noticed that with wavenumbers (2-168J &2-
11) of evanescent waves, reflections (2-60) anf1(Rremain
valid, i.e. the two operators yield opposite refl@es. From
this, the operators (2-56) and (2-57) yield reftats -1 and +1
for the evanescent waves. The cancellation effe¢2-®3) is
then still valid for the evanescent fields. Thisiigreat feature

Despite the perfectness of the pair of operatdms, Hasic
idea expressed by (2-53) cannot be achieved in riegbe
manner because of the multiple reflections in the
computational domain. This is the case in the asrmehere
two negative reflections produce a positive onsulteng in
addition of the two contributions instead of thesided
cancellation. The non cancellation also occurstiermultiple
reflections between the wall boundary and the dhfeside the
domain, as represented in Fig. 2-5. To overcomectireer
problem, Ramahi proposed the replacement of twoutations
with four, with the disposal of positive and negatreflections
(i.e. of operators on the sides of the domain)asgnted in the
right-hand part of Fig. 2-5. This widely reducee tbverall
reflection, but it is costly, in 2D with the foualculations, and
in 3D where the method can be generalized with teigh
calculations.

To reduces the overall requirements, Ramahi thepgsed
the Concurrent complementary operator method (C-COM
[30]. The four, or eight, domains are limited toubdary
regions a few cells in thickness, which are solved
simultaneously with FDTD, while the interior doma not
duplicated. Each boundary region is bounded wita ohthe
four (eight in 3D) dispositions of operators schéneal in Fig.
2-5. And each region is connected to the centgibrethrough
an interface, by means of the transverse derivatbre space.
This permits the cancellation of the reflectionsnfrthe sides

8
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and corners of the outer domain as they entemtiieridomain.  The matched layer medium is therefore defined medium
However, these reflections are then reflected bbgkthe where the equations governiBgandH fields read

interface towards the outer boundary where theyreftected 9E

another time towards the inner domain with the saige (see Eg— + OE =curlH (2-62)
Fig. 13 in [30]). At the end, the mechanism produaesecond ot

order reflection. If the reflection from the opematsed on the oH _ _

boundary isR, the reflection towards the inner regionR& Moo ¥ o H =-curlE (2-63)

This is a serious progress. However, in theorystémme result
could be achieved by just squaring the operatoe CHCOM |t can be easily found [6] that its impedarige= H/E equals
may have an advantage in the fact that it also antshe that of a vacuum, provided that
evanescent waves, which is not the case with uldigdon )
operators (but may be also the case when usinBdteMittra g _o
a coefficient). & M

To conclude, the complementary operator methodbeasr . N o _
a major achievement in ABC techno|ogy_ It permitm tWIth such a matchlng Condltlon, the absorptlorha medium

performance of existing analytical methods, mathly Higdon ©Over rangeis

operator ABC, to be seriously boosted. It has m&nbadopted —Eicx

in numerical electromagnetics mainly because iteapgd A=e "™ (2-65)
about simultaneously with the PML ABC. Otherwisesplite and the reflection coefficients, andrs of a traveling plane
its drawbacks, it would have been widely used, @siig in wave at incidenc8 on the vacuum-medium interface read

applications where a large dynamic range is neddethe
computational domain. And it will be seen further this - oY
document that the idea of complementariness okctfins 1-sin 9/(1‘ Jw) - cost
also is useful to interpret and understand theec&fin [ == =r= 0
observed from the PML ABC. P \/ o\

1-sin? 6?/[1— j) + cosd

&,
Formulae (2-65) and (2-66) are derived in [6], they can

also be obtained as special cases of PML media fAjnor
[26]. At high frequency, wheo/gy, w << 1, the reflection(2-
66) vanishes for any incidenc®. Conversely, at low
frequency, whew/ey w>> 1, it becomes

r_1—cosH
1+cosd

(2-64)

(2-66)

[I-6. The Matched Layer (ML) ABC

The matched layer ABC [5, 6, 7] consists in usingyer of
absorbing medium placed in front of the outer baupdf the
computational domain, as represented in Fig. 2-@any
physical media do absorb the electromagnetic walvesall
produce a significant reflection from the vacuumdinen
interface, because of the mismatch of their impedanith that
of a vacuum. From this, physical lossy media caieotised to

realize an effective ABC. (2-67)

Unfortunately, using the medium for the absorptiof
outgoing waves in numerical methods correspondbgdow
frequency case. This is because a sufficient adtigorumust be
achieved in the ML over a thickness of a few FDTdliscor a
few FEM elements. That is over a thickness shdtan the

”, ~

’
’
!

\

N
~

Region of interest
with sources /'

Matched
& Layer

wavelength\, which is large v.s. the discretization on space in
numerical methods. From the attenuation (2-65% theans

that 0 must be large enough in order that/e; ¢ > 1, or
equivalently,o/ey w > 2 1t The reflection (2-66) from the
interface of the ML used as an ABC is then, in pcat
situations, given by (2-67). This reflection is theme as that
from a first-order analytical ABC (2-9). In additido (2-67),
Fig. 2-6. The matched layer absorbing boundary conditiomosading a there is the reflection from the outer PEC, whiotnf (2-65)
computational domain. equals exp(-& 3 /g, ¢) at normal incidence for a ML thickness

An approximate solution to what can be viewed g5 But it can be reduced at W.i” by meansaind §._For the
contradictory requirements has been found by usimg evanescent waves, the reflection from PML medidissussed

artificial medium with a magnetic conductivity imdition to further in this_, document. Th(_a d?scussion also aspib the ML
the electric conductivity [5, 6, 7]. Provided a teém .case.(espemally at normal incidence where ML ahtl Rre
relationship holds, the impedance of the mediunakxtinat of identical). Afs |Ijhe PML, the ML may strongly reflette

a vacuum. The reflection from the interface is tiérongly evaﬂescent 1€ds. has b q Vel i
reduced. More precisely, it equals zero at normzitience and 1he¢ ML ABC has been used extensively in NEMP

remains small as long as the incidence is notdogel _calculations, i_n France and may be also elsewtiffrdi[was
implemented in the FDTD computer codes as a lajemty
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three or even two cells in thickness (the comporteti distance larger than half the size of the objechésded in
domains were typically < 18ells in size in the 70-80’s soorder that the low frequency evanescent fieldslecedd in
that the room for the ABC was limited). The condkitt ¢ totality by the ABC, decrease naturally to a neplig level.
was growing from a small value in the interfaceatdarge The same observation can be seen also in [3] Wtradiating
enough value on the outer side, in order that bemretical boundary ABC.

attenuation (2-65) over two ML thicknesses was &al899%

(i.e. the reflection from the outer PEC was abo@b).l lll. THE PERFECTLYMATCHED LAYER

Comparisons were later performed with the Higdoerafors The perfectly matched layer ABC was published i84.84]

in this kind of applications. They showed similafs 5n ABC for the solution of the Maxwell equatiovith the
performances, even with the second-order Higdomape I pTD method. It was rapidly extended to other nucar
both cases the results of calculations were comeatondition techniques, and to other media than vacuum. Irfciewing

that the ABC is placed at a sufficient distancenfrahe geciion 3-1 recalls how the PML was elaboratechingimple
scattering objects. This is because both the operand the 14 dgimensional case. Section 3-2 briefly reviels different

ML strongly reflect the evanescent waves. Some @i®NS forms of 3D PMLs which are well known and well
of the ML ABC with the Higdon and Mur ABCs can b®ihd jocymented in the literature and in textbooks. Tiiker

in papers [4, 31, 33]. sections discuss with more details the criticalstjoa of the

absorption and reflection of the evanescent wayefMLs,
especially in the discrete space of the finite mdth

63°79 20 - CELL AIRPLANE

I1l-1. The PML in two dimensions

The matched layer was simple to implement, with no
problem of stability, and was almost as effectigehah-order

50-CM CUBIC CELL

analytical ABCs. At normal incidence it was perfesa that it
appeared that a challenging question was how taceedts
reflection at oblique incidence. This was achievey
observing that some modifications of the equatipasnit the

. = free propagation of waves in the direction paratiel the

9.
8 | ETEfTﬂ!L vacuum-medium interface, i.e. at grazing incidencet us
7. consider the 2D z-invariant case where the fielthponents
& I e e e are EX- Ey, HZ- The ML equations read
2 5 L
g€, REFERENCE § & 0E, +0E, = oH, (3-1a)
ol T GreRaToR Do 20 S:téj o %
- OPERATOR D =10 CELLS
. | oF oH
1. £, —2L+0E =——2 (3-1b)
, . B ot ox
0 500 10‘00 15‘00 20‘00 aH z 4 * OEX _ aEy (3'1C)
time (ns) Ho = ay 0X

Fig. 2-7. E field produced on the PEC surface of a 64-79-2Daiecraft . .
structure with a 2-order Higdon ABC placed sevematances from the Where o and o* satisfy (2-64). Let us now consider the
aircratft, for a double-exponential 200-ns pulse fonda unit-step pulse. For D following modified equations

= 40 cells the aircraft-operator separation is alalf the span of the aircraft

(79 cells). 0E, _0(H,*H,) (3-2a)
0

[I-7. Summary on the analytical ABCs ot oy

There have been numerous absorbing boundary comnsliti < ai+ E :_a(Hzx+sz) (3-2b)
introduced in the 70’s and 80’s. They are effectfge the o ot y X
absorption of traveling waves, but little effort svpaid to the
absorption of evanescent waves, so that most AB@sct in u s gt _9&, (3-2¢c)
totality the evanescent fields, except the complaarg ° ot = ox
operators and the Betz-Mittra ABC. In many applmss the oH oE
consequence was the need of placing the ABC sostandie  — = —=X (3-2d)
away from the region of interest, in order that #vanescent ot oy

fields decrease natura”y to a Sufﬁciently smaldl. This is where theHZ Component is Sp“t into two Subcomponeh{ﬁ

illustrated with the example in Fig. 2-7 from [3Where the
field on a airplane structure has been computed tfay
incident plane waves, with the Higdon second ord&C
placed several distances (10, 20, 40 FDTD cellsjnfithe
object (from the parallelepiped that just fits thieplane). A

andH,, and where equation (3-1c) is split into (3-2cy &B8-
2d). The medium (3-2) is represented in Fig. 3-thwivo
plane waves propagating in the directions normaltte
interface and parallel to the interface, respebtivBince the
incident wave A is invariant iy direction, its propagation in

10
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the medium is only governed by (3-2b) and (3-20 Wwave oH, . 0E, 3.3

A, the medium is a matched medium, with zero réifecfrom Ho toH,=——~ (3-3¢)
. : ot 0x

the interface. Consider now plane wave B, assuraegizas an oH

initial condition invariant irx direction, i.e. with derivatives in Uy—2+0 H, _ 9, (3-3d)

x direction equal to zero in both media. The profiagais ot )Y

governed by (3-2a) and (3-2d). The other wo equatiplay \nere ¢, 6,4 and (o,, 0,*) satisfy the matching condition (2-
no role. For wave B, the medium is viewed as a WBGUN g4 Equations (3-2) are just the special case3e8)(with
other words, at grazmg_mudence the medium (fﬁ)@)ﬂuce‘s 0,=0,*=0. Similarly, an interface perpendicular yodirection
no reflection. Thenr =0 at both normal and grazmgproduces no reflection provided that=0,*=0. Combination

incidences. . :
. . _ o of the two special cases permits an ABC to be cocistd on
Derivations in [4] show that(6) = 0 at any incidencl. The oo 1 boundary of a 2D computational domain, as

medium (3-2) is perfectly matched to a vacuum ia sense represented in Fig. 3-2. In the corners, bath ¢,%) and @,

that it produces no reflection of incident waves. * .
o,*) are present, in such a way that the transverse
conductivities are equal at all the small cornéerifaces. This

permits the reflection from these interfaces toblk [4].
- An important interpretation of the PML medium (3-3)
4 Vacuum | Modified Matched Layer comes by rewriting it in frequency domain, thabjsreplacing
h S X the derivatives on time withw. Then, (3-3c) and (3-3d) can be
WaveA 3 T added so that set (3-3) reduces to three equations:
& Ho
— - _ 1 0H, (3-4a)
J wgo Ex -
SRR RRINEN o
....... . . .. 1 aH
=—— 3-4b
X WaveB JweE, o (3-4b)
Fig. 3-1. Plane waves at normal and grazing incidences mspect to the
interface between a vacuum and the modified matomedium (3-2). J Wi, HZ =- ]; E+i* aaEX (3'40)
S, 0X S, oy
More generally, the 2D (TE case) PML medium is n&di |\ here
as .
. . 0, _
d(H, +H =1+-%_; —1+- % (U=xy) (3-4d)
50 aEX +0_y Exz ( X zy) (3_3a) S ngo sJ ngo
ot ay

Equations (3-4) are identical to the Maxwell equagi in a
y 0(H,+H,) 3.3p) vacuum. They just differ with the coefficierss s* ands,, s*

EOW-F Oy Ey:_T (3-3b) in front of the derivatives ix andy directions, respectively.

The PML can be viewed as a stretch of coordinateshb

PML(lela;l’UyZ’U;Z) \ PML(OVOYUyZVU;Z) PML(UxbU;Zvasz;Z)
Y » | &
Perfect Conductor\A Vacuum .
PML(0,,0%.00) ——e Source | — PML(0,,.0},.00)
y
Vacuum
X » 2 h
PML(levU;yaylva;l)J PML(O,O,Uyl’Jyl) PML(szvU;mUWU;l)

Fig. 3-2.The 2D PML ABC composed of PML media ensuring eftection at all the interfaces.
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complex factors, ands,* which are equal when the matchingPMLs) of thicknes® (Fig. 3-3) reads, in the case where the

condition (2-64) holds. For zero reflection at ateiface, the
medium is only stretched in the direction perpeuldicto the
interface, that ix with (3-2), and left unchanged in the oth
direction. This is the fundamental difference witle matched

conductivity varies withx:

cosf
£C

-2

R(O) =e

j:ﬂx( X) dx

er (3-8)

medium (2-62) which can also be viewed as a steekclin principle, R() can be chosen as small as needed, by

medium, but in all the directions of space. Theriptetation of
the PML in terms of stretched coordinates is du€tew and
Weddon [32]. It is essential in view of extendirng tPML to
other media than vacuum.

Using (3-3), the equation of dispersion in the PbHn be
easily derived by inserting a waveform like (2-4)

g _K K
©ossss
It is satisfied by the following wavenumbers

c
K, :%,lgs; cosd

k, :% sys*y sin@

e}
<>
o,=0,=0
Reflected wave Perfect electric
PML conductor (PEC)
Incident wave *
)D/V/ ax — UX
& Mo

Fig. 3-3.The reflection of a plane wave from the wall PML.

In medium (3-3) only stretched idirection §= s*= 1) the
wavenumberk, is the same as in a vacuum. From this,

increasingo, or o, or both.

[1I-2. The PML in three dimensions and for any inneedia

The above 2D PML can be extended in a trivial manae
3D, by splitting the six components of the fieldoinwelve
subcomponents, and by splitting the six componefitshe
Maxwell equations into twelve sub-equations [33hisT 3D

(3-5)counterpart of the 2D case (3-3) is known as tHi BML

where there are then twelve quantities (the subpoomants) to
be advanced in time (only ten in the wall PMLSs).aoftrer
method [32] consists in generalizing (3-4) to 3Datt is

(3-6a)stretching the coordinates in the Maxwell equatiomg

coefficients like (3-4d). From this, other time daim

(3_6b)equati0ns can be derived, namely the convolutidhiIL

(CPML), and the near PML (NPML). In the CPML introzkd
in [36] there are only the six components of theldfi but
twelve additional quantities (four in wall PMLs) stube
computed and advanced in time by means of auxiliary
equations. The NPML is an approximation to the Pitich
is identical to a PML only when the conductivityusiform in
the medium |37], but it also produces no reflecéorn when
the conductivity varies [38, 39]. It also involvawselve
additional quantities governed by twelve auxiliaguations.

Another absorbing medium which produces no refbectt
the interface with the inner medium has been pregd84,
35]. It is known as the uniaxial PML. There thdd&E andH
are stretched with the coefficients (3-4d), in plaof the
coordinates. This also results in zero reflecti8d]][ Its time
domain equations are those of an anisotropic medvith six
additional quantities (two in wall PMLs) and six xdiary
equations [35]. This medium can be used easily thighfinite-
element method.

The PML medium can be used as an ABC on the outer
tReundary of a computational domain, by extendireg2b case

equation k,=k, that holds at the vacuum-PML interfac Fig. 3-2. By an adequate choice of the condite [26,

implies that the angle of propagation of an inctdeave is left
unchanged when it penetrates into the PML (in otherds,

33] there is no reflection at all the interfacestliie problem
space, i.e. at the vacuum-PML interfaces as wedlt dlse inner

the Snell law read$®, = 8, at the vacuum-PML interface).interfaces between the different PMLs in the cmnand

Using therk, (3-6a) into (3-3) shows that the medium remai

an absorbing medium. More precisely, in the PML rels=
0,*=0 and @, 0y*) satisfy (6-24), the fieldE (or H) at distance
x from the vacuum-PML interface can be written as

_ocosé
£C

Eom =E €

vacuum

which means that the waveform in the PML is thesasin a
vacuum, with just in addition the attenuation byeamonential
factor. We notice the attenuation depends on thyedh At

normal incidence it equals the attenuation of thatcmed
medium (2-62). It vanishes at grazing incidenceictviis not a
drawback for using the medium as an ABC. From (3t7¢
reflection produced by the side PMLs (also knowrheswall

(3-7)

g&ges, where transverse conductivities alwayscdangtical on
the two sides of the interfaces.

The PML can be extended to any media by applyireg th
stretched mesh method (p. 38-42 in [26]), espacialllossy
media, anisotropic media, or non homogeneous mekhd.
more recently, to metamaterial media.

Each time domain PML has its own advantages and
drawbacks, in terms of needed storage, computdtitme,
and easiness to implement with complicated media. A
comparison of the computational requirements cafobed in
(p- 68, [26]). From the works reported in the Eiierre, it seems
that the most popular implementation in the FDTDthuod is
the CPML which can be more easily extended to apgian
than the split PML (this is also true for the NPMLBor
detailed descriptions of the different PML medial af their
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time domain implementations in the FDTD method, rieder & C
is referred to the existing textbooks [16], [17hda[26]. The coshy >>
PML ABC can also be used with such frequency domai
methods as the parabolic equation method [61] hadfihite
element method where its most used version is thiaxial

(3-12)
o, AX

r\t is obvious that the FDTD mesh cannot properlyngie
such waves that decrease too rapidly. From th&guificant

PML [34] reflection of strongly evanescent wave can be expefrom
' the vacuum-PML interface. This has been confirmegd b
I11-3. The evanescent waves in the PML numerical experiments and by the theory of the eseent

waves in the discrete FDTD method [40], as disalissih
details in the next section. We can also notice when (3-12)
Ids, the phase term in (3-10) produces rapidatiaris of the
ase with respect with the cAlk. This cannot be sampled by
the mesh as well, and also may contribute to theicps
reflection.

In the above and in most papers in the literatespecially
in [4, 32], only traveling waves absorbed with deefficient
in (3-7) have been addressed. They correspond & Qﬁ
wavenumbers (3-6). However, it can be easily wedifihat the P
following wavenumbers are also solutions of the &fuation
of dispersion (3-5):

Kk, =£\/§(coshxcost9+ jsinh)(siné?) (3-9a) [1I-4. The numerical reflection from the PML
o

In theory, any desired small reflection (3-8) canaehieved
@ n , o by using a large enough produst 6. More specifically, any
Ky VIS (coshysing - jsinhy cosd) (3-90) small reflection can be achieved with an arbitratyort

thicknessd, provided thao, is large enough. This means that

wherex and® are free parameters. They just differ from thge ppmL could be one cell in thickness with the EDethod
wavenumbers in a vacuum (2-10)-(2-11) with the sguaot (3ne element with the FEM). In practice, as sootthasearly

of the stretching factors. And whgrO they reduce to those Olxperiments [4], it appeared that the PML can aehitar
a traveling wave propagating in directiér(3-6). Inserting (3- petter performance that previous ABCs, but on diomihat it

9) into the waveform (2-4), and using the change igf some FDTD cells in thickness. There exists ariops
coordinates defined in appendix A, the followingve®rm is reflection, not predicted by (3-8), which is due the

obtained: discretization of the medium. This reflection deses when
Jm{t-@x-g%}smhxsinex] ~Pinnyy -E"xc coshy cosd x the thickness grows and when grows from a small value in
E=Ee ’ e’ e’ the interface to a larger value in the outer ckthe PML. This

(3-10) is in accordance with the known fact that at arerfiace

. . between two physical media, as air and a dielecrgpurious
The ?No te:cms depending ox and_Y are nothing but Fhe reflection is added to the physical reflection whesing
waveform of an evanescent \_/vav_e |n_a vacuum (seenajpp discrete methods. The same occurs with the air-Ri#rface.
A), whose phase propagates in direction X formheydngled

with x, and whose magnitude decreases in direction _
perpendicular toX. The two additional exponentials are a Wave magnitude
phase term and an absorbing term. This shows nhatRML

the evanescent waves can be written as Homogeneous travelingave

_0ycosh ycoséd

&C X > > O \\\ / _
Eoue| = [Evunle R RS SN L
Since cosk > 1, the absorption of evanescent waves in the VN X1
PML is larger than that of traveling waves (3-7). Strongly >
It was derived in [40] that in continuous space® th  evanescent | - —
evanescent waves are not reflected from a vacuum-PM  wave A Ax . Range

interface. As the traveling waves they can peretiatotality
into the PML. The angle of the propagation of thaged is
left unchanged through the interface, as well ag
evanescence coefficiegt In theory, the PML is then perfectly In the following, the discussion of the numericeflection is
matched to the evanescent waves. However, in disspaces limited to the FDTD method. The reflection with ettdiscrete
we can expect some spurious effects when the PMiethods (FEM, TLM, others), would not be very diffiet
conductivity has been chosen in order that the ratism (3-7) because it is mainly produced by the too rapid elese of the
is sufficient to absorb the traveling waves. Ther,absorption field with respect with the space sampling in tidLP More
of strongly evanescent waves, when gosh 1, may be quite specifically, using the same sampling (the samd oel
high. In consequence, it may correspond to a ttabrption element), the numerical reflections produced byfedgt
over a distance shorter than one cell with the FDA@hod or methods are similar, as it is illustrated with tRBTD-TLM
one element with the FEM, as represented in F§. Brom (3- comparison reproduced in [26].
11), this occurs when: We must now distinguish two cases, the pure trageli
waves, and the evanescent waves, which are fundaltyen

Fig. 3—-4 Theoretical decrease of evanescent waves in EWEDFgrid for
t?’(]everal values of the parameger
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different from the point of view of the numericaflection
produced by a PML.

The numerical reflection of traveling waves

Numerous experiments were reported in [4] and disegy
but the first theoretical study of the spuriousleetion of
traveling waves was reported in [41] for the air{PMterface.
More generally, for a PML where the conductivitpgs from
one cell to the next, the reflections from all theer interfaces

Understanding the reason of the low frequency spsri
reflection from PMLs began with the pioneering warkDe

Merloose and Stuckly [45] who showed that the dctua

reflection from FDTD PMLs can be predicted thearaity for
waves evanescent in the direction perpendiculathéoPML
interface (at the end of a waveguide). This reitectcan be
large and event total, because of the rapid variatf the
phase of evanescent waves in the PML, upon chaistate
distances far shorter than the FDTD cell size. Ttése

must be taken into account to obtain the overdliécgon. To
predict this overall reflection, the formulae (a-diagonal
system) derived in [40] can be used in the specime of
traveling waves (cog{x1).

In general, the numerical reflection of travelin@wes is
relatively small. It is not a challenging questidindepends on
the profile of conductivity in the medium, and sédctory

corresponds t@ = 172 in wavenumbers (3-9).

Following the way open by [45], the theory of gealer
evanescent waves in PML media was derived, both
continuous space and in the discretized space efFIDTD
method [46, 40]. The theory permits the spuriodlecdon of
low frequency observed in experiments to be inttgat and
well understood. As discussed in the previous sactthe
results can be obtained with polynomial profileewpr 2 or 3 evanescent waves penetrate without reflection ire th
usually). Fig. 3-5 shows an example. With a pariabolofile continuous PML. This is no longer true in the diserFDTD
and a PML only four cells in thickness, reflectiasslow as — space. For a PML with uniform conductivity the eeflion
80 dB can be achieved at normal incidence. Notie¢ when from the interface is given by an analytical form{@3 in [40]
the theoretical reflectionR(0) decreases, the numericadr 5-45 in [26]). In the case of strongly evanesaeaves, i.e.
reflection (difference between theory and FDTDhe figure) when COSN satisfies (3-12), the formula reduces to:

in

grows. It is rather counterproductive to use a somll R(0). f

For given PML thickness and profile of conductivitiere is JTC

an optimum R(0) where the actual FDTD reflection is R, = (3-13)
minimum. Reducing further the reflection requiresreasing 1- JL

the PML thickness. The experiments in [4] demonstithe f
evolution of the actual reflection with some partere i
(thickness, profile R(0)). It is easy to predict this reflection
using the formula in [40], which is also availablehe form of
software [42].

axO

- (3-14)
2718,

C
where g, is the conductivity in the interface which may be

different from the uniform conductivity, set at the other
FDTD nodes of the PML (as = 0,/2).

Theoretical R(6)

20 L e FDTD Experiments
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Fig. 3-5. Comparison of the theoretical reflecti&t(®) with the reflection
observed in FDTD experiments with plane waves
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The numerical reflection of evanescent waves

The reflection of evanescent waves has been, andime in 1000
part, a challengmg question. In the initial exmﬂnts_ [4]’ it Fig. 3-6.FDTD reflection from the interface between a vanuand a uniform
appeared that in such problems as wave-structteamtions, infinite PML, from traveling wave (cogh= 1) to strongly evanescent waves
strong low frequency spurious fields are presemst, wath (cosfy = 1000).
analytical ABCs. However, by using a thick enoudiiLP the
reflection could be reduced and the PML placedhim ¢lose ~ Formula (3-13) shows that when (3-12) holds théecéibn
vicinity of the scattering objects. Such an achieeat was not from the interface decreases at high frequefey (), but it is
possible with Mur of Higdon ABCs, with which the &B had total R.=-1) at low frequencyf(<< f;). The total reflection
to be placed far from the objects, out of the esaert region. belowf; was expected since when (2-12) holds the evanescen
This kind of problems was initially analyzed emgadly, and waves are absorbed, in theory, over less than @¥Drcell,
guidelines for choosing the PML were reported i8,[44]. Which cannot be achieved by the FDTD method. i, fiom
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[40] shows the reflection coefficient computed withe several PMLs placed close to the plate, two FDTs deom
formula in [40, 26], at the incident andde= T4, which means it. In each case, the low frequency plateau is nglso
that the evanescence is alsd from the interface. The PMLerroneous, corresponding to the reflection by #euum-PML
conductivity in the interface is such thiat= 10 MHz. The interface forf < f.. At higher frequencies, the oscillations are
reflection is plotted for coshvarying from 1 (traveling wave) Produced by the reflections from the successiveerinn
to 1000. For the traveling wave the reflection ggoas the interfaces. The lower part shows that the gendraps of the
frequency is approaching the cut-off of the FDTDsmelt is reflection of the evanescent waves can be very well
very small (- 100 dB) at low frequency. Conversdty, the reconstructed by means of the formula in [40, B6Jacts, the
strongly evanescent waves the reflection grows ks PML works as a set of complementary reflectorshim sense
frequency decreases and it is total befguin accordance with of the complementary operators of Ramahi (seeweet4). If
(3-13). Notice that the condition (3-12) for theligiy of (3- the ratio of frequencie& of the inner interfaces is not too

13) is cosly >> 40 in the conditions of Fig. 3-6. This is wellarge, each frequency experiences several paeii@ctions of
verified. opposite signs from several interfaces. The oveedikction of

this frequency is then smaller than total refletti@nd the
closer thd.'s, the smaller the overall reflection.

o 6 In summary, the evanescent waves are reflectetiebiP ML
2 ((—— PML(4-G3.16-400B) | in such discretized spaces as the FDTD space. Hawand
-~ 5L NN\ | e PML(4-G4.64-40dB) . . )
g N~ N\ |- PML(4-G10-400B) conversely to most analytical ABCs, it is possitdeeduce the
e ’"_ Exact solgion ) J reflection, by increasing the PML thickness and usjing a
§ 3L i conductivity that grows in the PML. Two conditiomsist hold
-Tz, , [T for the reflection of evanescent waves is smallugho
5 1/ the conductivityo,, in the vacuum-PML interface must
§ T FDTD 20-cell Plate Result in Ref. [41] be small enough in order that the frequefid-14) is smaller
wol N R N N . than the lowest frequency of interest of the proble

001 008 0.1 03 wersymHy 0 100 300 1000 2/ the conductivity must grows at a small rate frome

25 . FDTD node to the next, in order to reduce the ofitbe from

6=%60° —— P G3.169008) the inner interfaces, or, in other words, to maxinithe

20 s - PML(E-G4 64-40cE) Ramahi effect.

15 | - - - PML(8-G3.16-40dB) | Optimum PMLs satisfying 1/ and 2/ for solving wave-
< ,:};\ ) structure interaction problems were elaborated [43].
R e e However, they cannot be applied to any problemsaige they

os | depend on the general form of the evanescent faidson the

Numerical Theory coshy(150 MHz) = 1.1 desired accuracy. In practice, it seems that isymaot to say

0.0 L, . . ‘ ‘ . s ‘ ‘ . most, cases reported in the literature, the PMLchgsen
0.01 0.03 0.1 0.3 1 3 10 30 100 300 . .. .

Frequency (MHz) mainly empirically, by performing several tests ftod the

_ _ _ _ _ minimum thickness needed for solving the problendenn
Fig. 3-7. Comparison of the spurious FDTD field observedad?D thin plate

with the factor 1R, whereR is the theoretical reflection of evanescent wavégtereSt' _It S_hOU|d be noticed that the ChOIF:ehB:f PML (Spllt
by a PML with conductivity growing geometricallyes more details ifd0]). PML, uniaxial PML, CPML, NPML) has little effect othe

The oscillations of the spurious field illustrateetreflection bythe inner FDTD reflection of both traveling and evanescenveg This

interfaces of the PML, which are alternatively &atric and magnetic kinds. was demonstrated both theoretically and by expmmm
The two parts should be compared only below 30 Nibove, the traveling [47] and [39]

waves are predominant, they are absent in thedtieaklower part). The next section is devoted to the complex frequehifted

In the case of a PML withs, growing from a small value inPML (CFS-PML), which permits the reflection of eescent
the interface, the situation is more complex. Téfection is waves from PMLs to be dramatically reduced in mahysical
given by a simple tri-diagonal system [40, 26, 42)r f < f, Problems. This is obtained by means of a modifigetshing
and strongly evanescent waves (3-12), the reflecadso factor.
reduces to (3-13). But every inner interface has atvn .
frequency f. proportional to its conductivity. So that!l">- The complex frequency shiftdeML
frequencies that penetrate through the vacuum-Phérface  The CFS-PML was introduced in 1996 by Kuzuoglu and
may be reflected from the inner interfaces. Simcéhe FDTD Mittra [48] with the intention of rendering the PMibedium
grid there are electric and magnetic interfacegeffaces causal. To this end, they replaced the stretchawtpfs (3-4d)
where the tangential fields are eitHeror H, separated with with the following, for the stretch ixdirection
Ax/2), the internal reflections are alternatively opposite s =1+ o, (3-15)
signs. From this, the_z numerical reflection of _sglgn X a,+jws,
evanescent waves oscillates as the frequency grolis. is
well predicted by the theoretical formula in [4@]2and very Whereay is a real positive parameter. The stretching facto
well verified in experiments. An experiment repdrta [40] is remains finite as frequency vanishes which rendemtedium
reproduced in Fig. 3-7. The upper part showstfiield on the causal [48]. Another interest of this modified &thed factor
surface of a thin PEC plate stricken by an incideave, with was found later [36, 47]. It permits the reflectioinevanescent
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waves from PMLs to be dramatically reduced in many a,+o
o L =2x0 " ¥x0 (3-19)

applications of finite methods. @ o

With (3-15), it is evident that frequency 0
a where a,g and a,q are a, and g, in the FDTD interface. The

j— X

e (3-16)reflection (3-18) tends t@,o/(0x+0y) at low frequency in
0

place of the total reflection of the standard PNL1B). This is

is a critical parameter. Fdr>> f,, the CFS-PML is a normalillustrated by Fig. 3-8 which is the counterpart Ff. 3-6.

PML since ther, is negligible in (3-15). Conversely, whén With 0, = 0.01 S and the conductivity in the figure, the

<< f, the complex term is negligible and the CFS-PMjuit a 'eflection of evanescent waves is about -25 dB,texrea may

real stretch of coordinates. It does not absorwinees. be the evanescence parameter go€hther results illustrating
Using wavenumbers (3-9) and coefficient (3-_‘]_5) |(ﬁ94), the FDTD reflection by the CFS-PML can be fOUnMﬂ].

the waveform can be obtained in the CFS-PML [47% A The. effectiveness of the CFS-.PML for reducing the

expected, foff >> f,, it reduces to the waveform in a normdgflection of evanescent waves is demonstrated fie t

PML, so that (3-11) remains valid. Converselyf i< f, the following, for a waveguide problem and for the aietion of

waveform is different [47, 26]. Its magnitude dexes in the 8N incident wave with an object. Let us first cdesia parallel

a

PML according to plate waveguide with separatian between the plates. The
moden is evanescent below its cutoff which reads n tc/
- LSRG a, and its sinjy parameter is given by
‘EPML‘ = ‘Evacuum‘ efa fo¢ (3-17) ,
whereb is negative when the evanescence is towards tHe PM sinhy =+ Lo -1 (3-20)

(appendix A). For low frequencyf (<< f,) and strongly or
evanescenwaves where sinh~ coslx >> 1, it is evident that
the attenuation coefficient of (3-17) is by far dlevathan that
of (3-11). This may result in a reasonable attepnabf wsinh y =+ 172¢ (3-21)
evanescent waves, and then a dramatic reductiotheif T a

reflection from the discrete vacuum-PML interface.

Thus, far below the cutoff the following holds

From this the attenuation in (3-17) does not depemd
frequency far below the cutoff. By an adequate obaf the

([ coshg=1 ) free parametefy, the attenuation of the evanescent waves (3-
-------- coshy =2 ; _
o | e L 17) anpl that of. the trqvgllng waves .(3 7) can bt.zemjal.
— --- hy =10 ~ :
. CFS PML 4= 001 S - 28;;:{00 Assuming that sié~1, this is realized with the followinfy:
- T —— —— coshy = 1000 _hc -
%5 20 | 0=*n/4 \--- Roo Yy, fa _5 (3 22)
o Toomeees = ) . .
5 o0y i B which yields, using (3-16)
g e T T
g 60 - T e a,=n 71C&, (3-23)
(&) ~ -
5 80 ig PR a
o 120 ’/” x ‘ At=0.1ns ‘ Ax=Ay=5cm ‘ feutoft
a0 | | 0x1=0_o2=1.1e3S ox0-0x22 | Evanescent waves Traveling waves
1 3 10 30 100 300 1000 .

Frequency (MHz)

»

f

Fig. 3-8.FDTD reflection from the interface between a vanwand a uniform
infinite CFS-PML, from traveling wave (cogh= 1) to strongly evanescent
waves (cosk = 1000).

Stretched vacuum I Normal absorbing PML
(no absorption)
a

As with the standard PML, the FDTD reflection froan Fig. 3-9. Coincidence of the transition frequency of the GR8EL with the
CFS-PML with uniform conductivity is given by a fonla, Cutoff frequency of the paraliel-plate waveguide.
and from a CFS-PML with growing conductivity by @&-t
diagonal system [47, 26]. In both cases, for stipn
evanescent waves (3-12) the reflection from thauvaePML
interface tends to the following formula, in plaafg(3-13):

We can notice thaf, = f.ww The situation is then as
erresented in Fig. 3-9. For the traveling wavdmsva the
cutoff, the CFS-PML is a standard absorbing PML.
Conversely, for the evanescent waves, below theffcuhe

. CFS-PML is just a real stretch of coordinates, wiib

B J f O (3-18) absorption. There the evanescent waves decreasenatural

R.= T o +0 manner over the stretched space, resulting in grarapt

1‘1% X0 o absorption identical to that of the traveling wavesd in

consequence with little numerical reflection frolne tvacuum-

with PML interface. Numerical experiments with this wauile

problem are reported in [49]. They show that theSE&ML
16
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can achieve reflections of evanescent frequenodewb-80 not too different. This has never been tested. Aeoiveakness
dB with a CFS-PML only 6 FDTD cells in thickness. of the CFS-PML optimisation is that the Physics thg
Another case where the CFS-PML permits the reflectf problem must be known a priori, that is the relagitp
low frequency to be reduced is when an incidenterstiikes a between frequency and the sinparameter of the evanescent
scattering structure. In that case, a relationbké(3-21) also waves must be roughly known. This may be difficult not

holds, more precisely (see appendix B): possible in some problems. In the literature, tS®ML is
wsinh y = p£ (3-24)widely used. However, in most cases the choica,o$ done
w without reasoning and without convincing argumeatat

wherew is the largest size of the structure grig a parameter Probably empirically by performing some experimenith the
of the order of unity. By assuming that 1, the attenuationsProblem under investigation to find which valueegvthe best
of traveling (3-7) and evanescent (3-17) waves emeal results.
provided that

a. =CL% (3-25)

This corresponds tfy =fy/Tt wherefy = ¢/2w is the fundamental
resonance of the structure. The situation is thensame as in
Fig. 3-9. For the high frequencies abdyewhich are traveling
frequencies, the CFS-PML is a standard absorbing.PAnd a) UNIT-STEP INGIDENT PULSE
for the low frequencies belofy, which are evanescent, the %0
CFS-PML is just a real stretch of coordinates freaimits them
to decreases in a natural manner. The FDTD refledtiom
the vacuum-PML interface, and from the inner irdeefs of the
PML, is then quite small for all the frequencies.

The CFS-PML for wave-structure interactions hasnbeell
studied and optimized [50, 26, 27]. It permits Iwflections to
be achieved with CFS-PMLs only 3-5 cells in thicksiewith a -
short separation of two FDTD cells between the Pand the 0 ; = : :
structure of interest. Numerical experiments ande th 0 %00 Tirlfeo(?m) 1900 2000
recommended parameters of the CFS-PML for this lahd
applications are provided with details in [27]. F&310 shows 80 r
an example, with the same aircraft structure a&ign 2-7, but 25| [\!2 | CFS-PMLN-O(10-50/5)-400B) |
re-grided with smaller FDTD cells (6.25 cm in plaifec0 cm).
The results are superimposed on the referencei@oluith a
CFS-PML only 3-4 cells in thickness placed two €&bm the
structure. Achieving such a performance with theosd order
Higdon operator would require a huge amount of uatu
around the aircraft, as demonstrated by Fig. 2-2revtthe L
results are not perfect even with a separatiorhefdrder of -10 |, ‘ ‘ . ‘
half the size of the object (this is the physicaparation 0 500 Time (o) 1500 2000
between the object and the Higdon operator whigmjie the _ e . ,

. Fig. 3-10.Electric field on the surface of a 504-632-160-a@plane with 3-,
evanescent wave to decrease, computing the equivale 4-, 5-cell CFS-PMLs, for a unit-step and a 200-nshde exponential waves.
result D = 40 cells in Fig. 2-7 would require D 208cells with From the interface to the outer end, the condugtiyiows by a factor of 10
the re-grided aircraft). and the parameter, decreases from 50 to 1/5 of value (3-25). The GFB-

From the above, the CFS-PML permits an ef‘fecti‘iﬁetwo cells from the structures_ (from the end la# fuselage, the wings, the
absorption of evanescent waves with little reftacti by @-More details can be found in [27].
choosing the parametay in such a way that the attenuation of
the traveling and evanescent waves are equal. Hmwev
weakness of the method is that the optimagmmay not be

unique. With the waveguide problem, the optimegiepends chosen as a pure arbitrary numerical parameteryaibéer in

on the mode (3-23). Similarly, with the scatterpmgblem, o function of physical parameters, as done in the pnablems
depends on the parameferThe problem has been overcomgyyressed in the above. Secondly, the CFS-PML geireral

in the optimum CFS-PML [27, 26] by using a parameélg jmplemented in FDTD as a convolutional PML (CPMBE],

that varies in the PML, from a value larger thar28} in the jthough an auxiliary equation implementation isgible as
interface to a value smaller than (3-25) at theeoend. This \ye|| There is sometimes some confusion in theditee about
results in a satisfactory optimum CFS-PML for thedkof e origin of its interesting possibilities. The &PML can

problems addressed in [27], mainly electromagneficy ce the reflection of evanescent waves becafisis o
compatibility (EMC) problems. A similar strategy ud also stretching factor (3-15), not because of its coutiohal
be used with waveguide problems where several mades

present, at least when the cutoff frequencies efrtiodes are
17
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Two remarks to conclude. Firstly, it should be ced that
o, is a physical parameter, homogeneous to a condlyctiv
(same units). This strongly suggests that its vahauld not be
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implementation, i.e. another implementation woulsduce
the same beneficial effect on the evanescent waves.

[11-6. Summary of the Perfectly Matched Layer

The PML has been viewed as a great advance irdluedf
the simulation of free space. In comparison with tlumerous
existing analytical ABCs, it permits a large redaoctof the
reflection of the outgoing waves in open probleroled by
means of finite methods. Absorption of travelingves is
probably not better than that of such analyticalG&Bas the
Mur ABC or the Higdon ABC which was satisfactorgésnext
section on the actual performance of analytical ABCThe
principal advantage of the PML is its possibilitiyalbsorbing
the evanescent fields which are present in almdistha
problems of electromagnetism. In facts, for thesoes
recalled in the above, the PML ABC may stronglyieef the
evanescent fields in the discrete space, becasighebretical
absorption of such waves is too high. This can\srapme by
two means. The first one is to use a relativelgktl®ML where
complementary reflections (Ramahi effect) from shecessive
rows of the discrete PML result in an overall refien of
evanescent fields which can be as small as degiredjded
that the PML is thick enough. The other mean isube of the
CFS-PML which relies on a modified stretching facttn
many physical problems it permits the theoretitedamption of
the evanescent fields to be the same as that\aflimg waves,
reducing then their reflection from the discretelPMowever,
these remedies have some drawbacks. Choosing teabe
optimum parameters of the PML is not evident anaias
dependant on empirical knowledge, and on a cedagmiori
knowledge of the Physics of the problem to be sbhi&om
this, the question of the absorption of evanesdaitls

In the following, we just review three ABCs publeghin the
years 2000’s for the absorption of electromagnetaves.
More precisely, two ABCs that were published almost
simultaneously, the multiple absorbing surface [&3d the re-
radiating boundary condition [54, 55]. They rely the same
fundamental principle. And a third ABC, the HuygehBC
[56], which is the generalization of the previowgot The
HABC is promising in several aspects and couldlehgk the
PML ABC, at least in some applications.

IV-1. The re-radiating boundary condition (rRBC

The rRBC [54, 55] was introduced for use with tHeTB
method. Its principle consists of generating a wapposite to
the outgoing wave leaving the computational domday,
means of a Huygens surface. If the generated wage w
exactly opposite to the outgoing wave, the cantetawvould
be perfect, as represented in Fig. 4-1. Whatever beathe
outer boundary placed behind the Huygens surfdoeret
would be no backward reflection in the computatiat@main.
In the papers [54, 55], the generation of the cnavave
relies on the concept of teleportation of fieldhieTfield one
time step in the past and one space step backwiards
“teleported” upon the Huygens surface where it $2dito
radiate the opposite field. This outgoing fielchi® exact, it is
only an estimate, so that the cancellation is msfggt. From
this the outgoing field is partially reflected. Tmprove the
absorption, the computational domain in [54, 55nsled with
an impedance condition equivalent to a first ordperator
ABC.

There is neither derivation nor theoretical praditin [54]
and [55], only FDTD experiments are provided. Thehars
observed that the field outside the rRBC resembles

remains a challenging question which prevents fraterivative on time of the outgoing field. They udbe terms

considering the PML as an ideal ABC. For theseaessit is
clear that further researches in the field of abisgy boundary
conditions remain of potential interest, mainly ceming the
guestion of the evanescent waves.

IV. ABSORBINGBOUNDARY CONDITIONS IN THE LASTDECADE

Despite the fact that the PML was considered asfi@ative
ABC for solving any problems of electromagnetisome
innovative works have been published in the litgn@over the
past 10-15 years, reporting novel ideas in thel fafl ABCs.
For example, the lacunae-based ABC, introduced he
context of acoustic waves, has been the subjecievéral
papers in years 2003-2012, from [51] to [52]. TWBC
mainly relies on the fact that the acoustic or tetenagnetic
response to a compact in time source is lasting avénite
duration. By partitioning any time domain sourctoia set of
short elementary sources, this permits the solutbropen
problems to be computed for any arbitrary long tinséng a
finite domain, without reflection from the outeribwary. The
principle of this ABC is attractive. However, theig no
comparison with previous ABCs in the literature @agp nor
example of application to problems of interest
electromagnetism. And it seems that the overallpaational
requirements of this ABC are far larger than thokthe PML
ABC.

derivation and re-integration to characterize thead and
reverse effects of the rRBC. As it was derivedrl§i®], the
effect of the rRBC is indeed a derivation of thetgming
waves, and an integration of the ingoing waves.

Several experiments reported in [54, 55] show thatrRBC
performance can be similar to that of the PML ABfowever,
generalization of the conclusions of these expantmes
guestionable, because they were performed in a @Dath
with the electric field perpendicular to the domdiris known
that any ABC performs very well with this kind ofgblems,
ﬂecause no evanescent waves have to be absorlpettidty,

igdon and Engquist-Majda ABCs also yield quite goo
absorption in that case [20]. In realistic FDTD kgations
where evanescent waves are present, results withrRBC
would be far poorer, because the teleportation usethis
paper produces a total reflection of evanescentewmaas
discussed in the following.

IV-2. The multiple absorbing surfaces (MAS)

The absorbing surface concept in [53] is introducedhe
FDTD method by splitting the computational domaioi a
grattered-field region and a total-field region.eféh is no
explicit reference to equivalent currents radiatiagfield
opposite to the outgoing field. Nevertheless, wikatlone in
this paperis equivalent tdhe generatiorof a wave oppositeto
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Fig. 4-1 The principle of the Huygens absorbing boundanydition.

the outgoing field by means of a Huygens surfasendig. 4-
1. The principal difference with the rRBC is thhaétoutgoing
field at the Huygens surface location is computsthg the
first order Higdon operator. This is a better eatinthan the
teleportation operator. The outer domain is closéti a PEC
condition.

There are some theoretical derivations in the pdpar.
Especially, it is shown that the reflection prodiity the ABC
relying on the Higdon operator for estimating thatgming
field on the Huygens surface is identical to théention
produced by the same Higdon operator used as #didred
ABC. The method then appears as just another ingiéation
of the Higdon operators. The claimed advantagéeftethod
is the easiness of stacking several surfaces thzeethe
equivalent of a high order Higdon operator.
experiments show that the multiple absorbing serfaermits
an excellent absorption. However, the experimengsvath a
point source in a 2D domain where there is no es@ad
waves, and with a scattering sphere with which Itesare
provided only about the resonance frequency whée
surrounding field is weakly evanescent. As with tR8C, the
experiments do not correspond to most situations
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same basic principle that consists of cancelling dlitgoing
field leaving the domain by means of equivalentrents that
radiate a field equal in magnitude and oppositsigm to the
field to be cancelled (Fig. 4-1). This is a simpled attractive
principle. These ABCs yield correct results in tiest cases
reported in the papers, but they do not signifigantitperform
such existing ABCs as the Mur or Higdon ABCs, beaeathey
do not absorb the evanescent fields. This prevemm to
challenge the PML ABC in realistic calculations wehere
are always evanescent fields.

The MAS and rRBC have been generalized in pafgr b
the form of an ABC called the Huygens ABC (HABC).
Theoretical properties of the Huygens ABC are dstiin [56],
both in continuous spaces and in the discrete FBgdze. The

Sevethkory permits the observations and results inrRBC and

MAS papers to be explained and interpreted, anch®pke
way to the development of new families of ABCs thady
challenge the PML. In this section, the principfetee HABC
and the essential theoretical facts derived in [%6
summarized.

As the above MAS and rRBC, the HABC consists in

gefnerating an opposite wave to cancel the outgeines, by

computational electromagnetics, because of lacgkvahescent means of a Huygens surface (Fig. 4-1). In electgpratics, a

waves. Even by stacking a large number of absorfimfaces,
as long as only Higdon operators are used to eirtize
outgoing field, the performance of the MAS methoaluld be
poor if the MAS surfaces were placed in the evagmtsegion.

IV-3. The basis and theory of the Huygens absorbmgndary
condition (HABC)

Huygens surface [16] permits sources to be replagid
currents sheets

(4-1a)
(ab)

wheren is the unit vector normal to the surface, orientethe

The above two ABCs were developed independently aticection opposite to the sources, dfdand H; are the fields

formulated in slightly different manners, but batly on the

that would exist upon the surface if the sourcesevwmesent.
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To realize a perfect HAB(E; andH; should be the oppositeswords, the HABC formed with the Huygens surface #mal

of the outgoing fields at the Huygens surface liocathat is at
the FDTD nodes where the HABC is implemented. brctice,

things are different, becaudg and H; cannot be known
exactly. This can be viewed easily with the FDTDtmoel.

More fundamentally, in the continuous space thibdsause
the field is discontinuous through the Huygensaef For this
reason, an estimate of the outgoing field is useplace of its

exact, but unknown, value. Denoted B§X_,t) , the estimate

PEC ending the domain is an ABC of reflection cioedht:

a,(cos# m Ax-cn, At) w8)

a, (cosd m, Ax+cn, At)

=~

1=[30M-

1

It can be easily shown [56] that this coefficiemtiothing but
the reflection coefficient of the operator (4-5)edsas a

at the Huygens surface locatiog is defined as a lineartraditional operator ABC on the outer boundary.sTivas also

combination of the actual field valu&g(x.-dx,, t-ot,) present
at several times and several locations close toHtggens

derived in [53] in the special case of the Higdpemtor. The
HABC is then just another implementation of the lgtieal

surface, on its inner side. For the side of the Huygensoperator ABCs in the form (4-5).

surface, assumed as a parallelepiped box, thibeavritten as

E(xc,t)ziak E.(X, — X ,t—d&,) (4-2)
k=1

wheredx, > 0,8t,> 0, and

ac=1

N
k=1

With the FDTD method, where the field is known aésin
nodes separated withx and at times separated with, this
can be rewritten in terms of operators as

E(x,,1)=PE,(X,,t)
with
N
P=>a K™Zz™

k=1

(4-3)

(4-5) reflection

The teleportation operator of the rRBC is the sglease of
(4-5) P=K Z*. For the MAS, the estimate is computed with
the first order Higdon operator, which reads, fr(@¥29)

P,=KZ'+wK-wz™" (4-9)

with w from (2-20). The reflection produced by the

teleportation operator (called the elementary dperia [56])

is the special cas®&€1, a;=1, my=n;=1) of (4-8):
. (cosd Ax - cAt)

> Er P (4-10)
(cos8 Ax+cAt)

whose zero reflection is at oblique incidencefces At/Ax. In

(4-4)the rRBC [54], the outer PEC is replaced with apédance

condition equivalent to a first order condition thvreflection
(2-9). The overall reflection is then the produdttioe two
coefficients. This permits (see [56]) eth
interpretation of some results reported in [54,.55¢r the

whereK and Z* are the Higdon shift operators in space aMAS surface, using (4-9) into (4-8) yields, as etpd, the

time (see section 2-2jy andny are integersnf > 0, n, > 0,

reflection from a Higdon operator used as a trandél ABC,

with my = n, = 0 excluded). Similar estimates as (4-2)-(4-%) athat is (2-9).
used for theH field, especially with the FDTD method where Obviously, the second order Higdon operator, wlischlso
E andH are separated withx/2 in the direction normal to thea special case of (4-5), can be used with the HAB@ould

Huygens surface [16].

The field behind the Huygens surface is the additbthe
outgoing field with the field radiated by the Huygesurface.
It is derived in [56] for an outgoing plane waveratidence®.
It reads:

aEinci en ~
Eoening = atd : Z ak[nkAt -
k=1

This field is reflected by the PEC ending the dam(&iig. 4-1)
and passes backwards through the Huygens surfaceaiion
in [56] shows that the field reflected in the inde@main reads:

1 -
N J Ebehind dtl (4 7)
> a,(n,At +cosd mAx/ c)
k=1

cosd mkAx] (4-6)

C

E

reflected —

From (4-6) and (4-7), the Huygens surface acts dsrivator
on time of the outgoing field, and as an integravérthe
ingoing field propagating backwards. The waveforintiee

field reflected back into the inner domain is ththe same as

that of the outgoing wave, but its magnitude istipliéd with
the product of the coefficients in (4-6) and (4-W). other

produce a reflection equal to the square of (2-Bhe
correspondingdPy, operator is given in [56].

The results in Fig. 4-2 from [56] demonstrate tleeivhtion
(4-6) and re-integration (4-7) of the outgoing julsy the
HABC surface. The experiment was in 1D (equivater3D at
normal incidence) with the elementary operator usedhe
rRBC whose reflection is (4-10) f& = 0. It is clear that the
pulse behind the HABC is the derivative of the Gaars
incident pulse, which is then re-integrated asasges back
through the HABC, with a final magnitude in accarda with
(4-10).

A remark should be done here about special cases of

operator (4-5) where the first derivative is replhowith the
second derivative in (4-6), and the integral in7j4replaced
with a double integral on time. The reflection ttaffers from
(4-8), but it remains equal to the reflection frahe same
operator used as a traditional ABC. More detaits arailable
in [56].

The reflection coefficient (4-8) is that of pureaveling
waves. The reflection of evanescent waves with wareers
(2-10)-(2-11) has been derived in [56] as weltelds

20



Forum for Electromagnetic Research Methods and Apptation Technologies (FERMAT)

HABC B
| |

Source A
| |

PEC

a) Incident wave at A location

110 |
90 |
2 70t
g2 501
@ 30|
m
10 |
-10 L
0 50 100 150
Time (FDTD lteration)
6 c) Wave reflected from PEC at B location
[— FDTD Experiment ]
41 * From theory (4-6) |
o
© 2|
3
E 0
i
21
-4 | .
150 300

200 250
Time (FDTD lteration)

Electric field

Electric field

b) Transmitted wave at B location

6
4| | — FDTD Experiment
e Fromtheory (4-6) |
2L
0
21
41 .
0 50 100 150
Time (FDTD Iteration)
d) Reflected wave at A location
110 |
0 |
— FDTD Experiment ‘
70 e From theory (4-10)
50 |
30 |
0 M
-10 |
150 300

200 250
Time (FDTD lteration)

Fig. 4-2.Reflection from the Huygens ABC. A comparisonteédry with a FDTD experiment. The wave is obseraed and B on the two sides of the HABC.
The distances from the source to A, HABC, B, an€RIe 5, 10, 15, and 60 FDTD cells of 5 cm, respelgt

a[j (coshycosd m Ax-cn At )-sinhysing m Ax|

a,[ j (coshycosd m Ax+cn, At )-sinhysing m, Ax]

=~

T Mz EMZ

1

(4-11)
which is again, as it can be shown, the reflecfimm the
same operator used as a traditional ABC. Obvioudhg) is

IV-4. Implementation of the HABC in Cartesian cooates
and extensions of the HABC

The Fig. 4-1 summarizes the theoretical principfethe
HABC. However, it must be slightly modified in ptae
because the Huygens surface only radiates an éstiofidhe
outgoing field. Especially in Cartesian domains mhe¢he
HABC surface is a rectangle in 2D, or a parallgdepiin 3D.

nothing but the special cage=0 of (4-11). In the case of At the corners or edges the direction of the nortoathe

strongly evanescentwaves,where costy >> 1, (4-11)yields

surface is discontinuous (discontinuity of orieiatby 172).

r = 1, so that the reflection is total from the HAB@h any From this, the outgoing field estimated by means aof
operator (4-5), especially with Higdon operatorhisTmeans operator is discontinuous. This results in the gatien of a

that the HABC relying on (4-5) suffers from the sam spurious source of field in the vicinity of cornensd edges. A
drawback as the Higdon operator ABC, it cannot ebsbe solution has been found [57] by adding what is echll
evanescent waves that are present in most problgims extensions to the physical Huygens surface. They ar

electromagnetics.

Fig. 4-3 from [56] illustrates the equivalence bétHABC
with its operator implemented as a traditional wiedl ABC.
It reports experiments with a parallel plate wavdguusing
Higdon operators of orders 1 and 2, implementdueeias an
operator ABC or as a Huygens ABC. It can be seah tthe
results of the two implementations are superimpobeth in
the traveling region above the cutoff frequency53GHz and
in the evanescent region where the reflection tial fghe low
frequency plateau is 6 dB below total reflectiocdngese of the
natural decrease of the evanescent waves overfi@ation
between the source and the ABCs).

represented in Fig. 4-4 in the 2D case. The fodessiof the
HABC are extended up to the outer PEC ending thmaiio.
Similarly, in 3D the six faces of the HABC are exded up to
the PEC. The Huygens currents (4-1) are appliedthen
extensions in the same way as on the normal sifléheo
HABC. With this disposal, it can be seen [57] ttiare is no
discontinuity of the radiated field in the diffeteregions
defined by the HABC and the extensions.

More details can be found in [57] where numerical

experiments illustrate the need of the extensidhs. practical
implementation of the extensions is a little changethe
encoding since is just consists of extending socoopd. The
need of extensions was not found when the work [5&$
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done, because the experiments were only in 2D wil
corners (HABC at the end of a waveguide). In thB@Rand
MAS papers the need of extensions is not menti@sedel.
However, although the ratiorafor the authors to do this
not reported, it seems that in [54, 55] the Huygalases wert
extended up to the outer boundary ending the doimathe
numerical experiments.
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Fig. 4-3. Comparison of the reflection coefficients computesihg either al
operator ABC or a Huygens ABC at the end of a fel-plate waveguide. In
both cases the operators are either tloeder Higdon operator or the-order
Higdon operator. The PEC resultvisth the waveguide ended with a P
alone, without ABC.
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Fig. 4-4. The extensions of the HABThe six faces of the Huygens surfi
box (in 3D) are extended up to the outer PEC ottimputational domai

IV-5. The potential interest of the HABC

As shown in the above the HABC is nothing but aao
implementation of analytical ABCs, as the Mur orgéthn
ABCs or any operator in the form 8- From this, one ma
think that it is of little interest. Indeed, this not true, th
HABC has some chartaristics that render it of potential hi
interest for numerical electromagnetics. Mainly foBowing
two:

1/ As proposed in the pioneering work of the MAS][5t
is possible to stack several HABCs. The reflect®then the
product of the individuakeflections. Stacking for instan
three first order Higdon HABCs is equivalent toiagée third
order Higdon operator. There is no gain, in thedmyt the
implementation is simpler, and the stability maybletter, as i
is claimed in [53]. However, thtrue interest in stackir
several HABCs is not in staking numerous HABCs ¢
designed for the absorption of pure traveling waasdone i

[53]. The true interest is indeed in the possipilif easily
stacking operators designed for the traveling es with
operators designed for the evanescent wavess is
demonstrated in the following.

2/ The HABC can be placed in front of another bam
condition, by just replacing the PEC in Fi¢-1, with the other
ABC. This permits easy combinations with h ABCs as the
PML or a simple and rather exotic, but effectivealrstretct
of coordinates (see in the following). Combinatiafisevera
ABCs are of high potential interest because theydee
possible combinations of one ABC designed for thedling
waves with another designed for the evanescent syaas
demonstrated in the following.

IV-6. A HABC for both traveling and evanescent we

In the framework of analytical ABCs, it seems otthe
Betz-Mittra operator (29) has been reported for t
absorpion of evanescent fields. In [56], another simr
operator has been used to absorb the evanesckhafi¢he
end of a waveguide. It consists in writing that fiedd at the
boundary, or at the Huygens surface node with tABEl
implementation, is theidld one cell in the interior multiplie
with a coefficient < 1. This is an operator designed
waves evanescent in the direction perpendicularthe
boundary, with the direction of the propagationtlod phast
parallel to the boundary. In terms oferator, this reads:

Peval = ﬁ K

With the phase propagation parallel to the boun€6 =+172),
the reflection coefficient of (42) is derived in [56]. It rea

(4-12)

i 1-gec " __1-B{l+wsinhyAx/c) (413
1_ﬁe—%)sinh)(z5< 1- 8(1- wsinhy Ax/c)

which is not a special case of 14) because -3) used to derive
(4-11) does not hold with (4-12Reflectior (4-13) vanishes if

—gsinkxAx
B=e°

With a parallel plate waveguide of cutoff frequercw, the
productw sinhy is given by (321) whenw << w.. Considering
the TM; mode and using thi® sinty into (4-14) yields the
value of B which cancels the reflection of the evanes:
waves at low frequency:

LN
B=e

(4-14)

X

(4-15)

Results provided in [56] show that the operat«-12) with
B from (4-15), implemented either as a traditional ABC oai
HABC, does absorb very well the evanescent wavethe
TM; mode. The operator (#2) can be squared to obtair
second-order operat¢see [56]). By stacking several HABC
some relying on the Higdon operator and some -12), both
the traveling waves and the evanescent waves aerizdy
This is illustrated in Fig. & from [56] where either two ¢
four HABCs are used. The best ult in the figure was
computed with two second order HABCs for travelimgves,
and two second order HABCs for evanescent waveihwh
equivalent to an eigtarder analytical ABC, with four orde
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devoted to the traveling waves, and four to thenesaent
waves. The reflection is then roughly similar tattlobtained
with an eight-cell optimized CFS-PML.

-- - Phig! + Peval

Phig2 + Peva2

—— Phig2 + Phig2 + Peva2 + Peva2
— — CFS-PML(8-P-200)
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Fig. 4-5. Reflection from the end of a waveguide using usicombinations
of Higdon operators (first order Phigl and secomden Phig2) with
evanescent operators (4-12) (first order Pevalsandnd order Peva2).

IV-7. Combination of the HABC with the PML

It is easy to place a HABC in front of a PML ABCnhA

experiment is reported in [56] with the same wavegLas
above. Here the HABC is used to absorb the,idde of the
parallel plates which is a traveling mode at argérency (no
cutoff). The CFS-PML optimized for the T;Mmode cannot
absorb the traveling waves below the cutoff (ithere just a
real stretch of coordinate). In principle, thisusition could be

addressed by adding some cells of PML with a normal
stretching factor to absorb the pMhode. However, a more

elegant solution consists in adding a HABC with Higdon
operator in front of the PML. This is simpler anlipably less
demanding in computational resource. The readeefesred
to [56] to see more details on this experiment.

IV-8. The stretched-mesh HABC (SM-HABC)

The SM-HABC [58] is another illustration of the sdslity
of combining the HABC with another ABC. It considts
using a HABC for the absorption of traveling wavesd a
stretched mesh (SM) for the absorption of evandswanes.
The SM ABC is not a new ABC, it is just a stronglyetched
FDTD mesh used to fill a large enougbmain outside the
HABC, in such a way that the evanescent waves earedse
to a negligible level. Stretched meshes were usé¢lde past to
reduce the overall number of FDTD cells while prese a
large physical domain. However, the stretching segerely
limited when using ABCs on the outer boundary, lbseaof
the reflection of high frequencies from the largells
Conversely, by placing the HABC in front of theetthed
mesh, the high frequency traveling waves are alesbby the
HABC before entering the stretched mesh (npmeisely, the
high frequencies are reflected by the stretchedhmesich
plays the role of the outer PEC in Fig. 4-1). Oelsanescent
waves are present behind the HABC, in the stretcloedain.
Since in most cases the evanescent waves are éouency
waves, a strong stretch can be applied withoutlpgrso that

the stretched mesh can be reduced to a few FDTIB whlle
preserving a large enough physical domain. Thecjpli@ of
the SM-HABC is represented in the Fig.4-6. A scdaitp
object is surrounded with the HABC and its extensioA
coarse mesh fills the space outside the closed gfathe
HABC.

The SM-HABC is well suited to such problems as the
interaction of an incident wave with a scatterirtgucture,
where the high frequencies are traveling waves taredlow
frequencies are evanescent waves, with a transiiout the
fundamental resonance of the structure. The highuiencies
are then absorbed by the HABC which relies on iits¢ dérder
Higdon operator in [58], and the low frequenciesrdase in a
natural manner in the large domain outside the HABC
Experiments with this kind of problems are reporied58].
However, the concept could be more widely applied i
numerical electromagnetics since in most problerhs t
evanescent waves are low frequency waves, allowlien
their attenuation by means of a stretched mesh.
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Fig. 4-6. The principle of the SM-HABC. The HABC (closed fage) is
surrounded with a stretched mesh (geometrical esiparof the FDTD cell).
The HABC is placedlyasc from the object and the outer PElgec from the
object.

The experiments reported in [58] shows that thedblig
based HABC can very well absorb the traveling waesen
when it is placed in the close vicinity of a scaltg structure.
This is illustrated by the Fig. 4-7 where the HABCplaced
several distances from a 100-10-0-cell PEC plaieksin by
an incident pulse (a Gaussian pulse or a Unit-ptdpe). A
large domain filled with a uniform mesh surrounds HABC
in order that the evanescent waves decrease tqlaibke
value @rec= 200 cells is the distance between the 100-10-0-
cell plate and the outer PEC). Even with the HABI&cpd
only three FDTD cells away the objedfsc = 3 cells in the
figure), there is no visible reflection of the tedimg waves
(taking account of the delay of propagation oveb 46lls of 1
cm, if a reflection were present it would appeaowthiime 20
ns in the figure). These results show that the dirder Higdon
ABC can achieve a very good attenuation of trageliraves,
better than was previously believed. The HABC
implementation permits the absorptions of traveliagd
evanescent waves to be decoupled. This clearly shbe
high performance of the operator, conversely to thse
where it is implemented as a traditional ABC, oe thuter
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boundary, where the reflections of traveling andrmscent
waves cannot be clearly distinguished.

HABC in front of the stretched mesh. With the ttamfial
implementation as an analytical ABC on the outeuriuiary,

In [58], the cell size in the stretched mesh growssing a widely stretched mesh is not possible,esthen the

geometrically from the HABC to the outer PEC, tke cell is

high frequency waves cannot propagate through éngel

multiplied with a factoig from one cell to the next. The stretchFDTD cells, and then cannot reach the Higdon operdtis

can be large, resulting in a dramatic reductionhef number
of cells needed to fill the domain outside the HABI®is is
illustrated by the Fig. 4-8 where the same prob&nin Fig.
4-7 is addressed, i.e. the field on the surface 100-10-0-cell
plate. The HABC is three cells from the plate, agdtretched
cells outside the HABC replace the uniform mestrigf 4-7
(the physical domain is identical, equivalent td 2thiform
cells). As can be seen, the results remain acdepiien with
a small number of stretched cells in place of Hrgd number
of uniform cells. In other words, 3 strongly sttetd cells can
replace 196 uniform cells (the stretch begins oek away
from the HABC which is 3 cells from the object). &h
computational requirements, memory and CPU timestheen
dramatically reduced in comparison with the unifarmash.

Unit-Step dPEC = 200 cells

[ —— Reference
— — dHABC =100 cells
- - - dHABC = 30 cells
dHABC = 10 cells
dHABC = 3 cells

Gaussian Pulse

Electric Field normalized to Incident Field
w

”‘25‘”30”":;5“45” 54‘5‘ élo'”s‘s‘”so

Time (ns)
Fig. 4-7.Electric field on the surface of a 100-10-0-céditp, computed with
the HABC placed 3, 10, 30, 100 cells from the plateiniform mesh in the
whole domain, and the outer PEC 200 cells fronptate.

2000

Unit-Step Mesh 2 dPEC <=> 200 cells

1500

1000

Reference
ng = 3 cells
ng =5 cells
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500
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-500
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Fig. 4-8. Electric field on a 100-10-0-cell plate computeithvthe HABC 3

cells from the platediasc = 3 cells) and four stretched mesheg € 3, 5, 7,

10 cells) behind the HABC (mesh 2 definéal [58]). In all the cases the

plate-PEC separation equals 2 m which is equivateR00 uniform cells.

The achievement in Fig. 4-8 is possible becausehite
frequency traveling waves are absorbed by the Hidused

is clear in the Fig. 4-9, where the same problerim &g. 4-8
is addressed, except that the HABC is replaced lith
Higdon ABC implemented on the outer boundary, iacpl of
the outer PEC. Then the high frequencies are tefiec
backwards by the stretched mesh, resulting in theng
spurious reflection visible in Fig. 4-9. Thus, canpg Fig. 4-
8 with Fig. 4-9 clearly demonstrates the high iestrof the
HABC implementation of operator ABCs in compariseith
the traditional implementation. The possibility gicing the
HABC in front of another ABC is a unique featurattopens
the way to new achievements in the matter of ABCs.

An example of application of the SM-HABC to thepdéme
problem previously addressed with the Higdon operiat Fig.
2-7 and with the CFS-PML in Fig. 3-10 is reprodudedrig.
4-10. It can be seen that the computed results@rect with
a small number of stretched cellsg(= 3-5). The overall
computational domain size and CPU time are verylainto
the ones of the CFS-PML calculations in Fig. 3-IBe SM-
HABC cannot really outperform the CFS-PML, but &nc
challenge it, with the advantage of a simpler impdatation.

Reference
ng = 3 cells
- ng=>5cells
ng = 7 cells
ng = 10 cells

2000

1500

I v
e

1000 V.

500

i
I

h‘{ i
ﬂ\‘f“l N v

E Field normalized to Incident Field

b g
M
(A
Y
M 1 VI ! I
Ll Lol 1
45 50 55 60

-500

25 30 35
Time (ns)

Fig. 4-9. Electric field on a 100-10-0-cell plate computeithwfour stretched
meshes (the same as in Fig. 4-8) and a Higdon tmpeA8C placed on the
outer boundary. In all the cases the plate-ABC isgjmm equals 2 m which is
equivalent to 200 uniform cells.

IV-9. Summary and discussion on the HABC

Although it is in principle just another implemetita of
analytical ABCs, the HABC is much more for two reas.
Firstly, it allows easy combinations of operatoevated to
traveling waves with operators devoted to evandsaenes.
Secondly, it can be placed in front of another AB@ then
combined with a PML, or with more innovative ABAgh as
the simple, but effective, real stretch of coortisa

From this, novel ABCs that can really challenge EiéL
ABC can be elaborated. As the SM-HABC introduce{bi8]
for wave-structure interaction problems, but thauld be
applied as well to other problems where evanesecames are
present at low frequency (as waveguide problems for
instance). Moreover, it seems that the SM-HABC faker
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more potential than the CFS-PML. Because the opétitn
of the CFS-PML is more problem dependant. It assuthat
the frequency spectrum is like in Fig. 3-9, witke thptimum

limitation of the HABC in contrast with the PML wtii has
been relatively easily extended to any kind of ragediom
lossy media to metamaterials.

parameter a, depending on the relationship (3-21) for
waveguide problems, or (3-24) for interaction pewsb$. In V. CONCLUSIONS ANDPROSPECTS

both cases, the relationship depends on a pararti¢emode  Apsorbing boundary conditions are needed to solestm
in (3-21) or the parametgy in (3-24). Conversely the SM- 5plems of numerical electromagnetics with suchitei
HABC only relies on the fact that evanescent fieddls low |1 ,athods as the FDTD or the FEM. They have beesuhbect
frequency fields, so that it can be suited tofal modes in @ ¢ researches almost continuously over the pasts4ears.

waveguide problem and can even absorb low frequenggeral analytical ABCs were developed in the yd#&g0-
traveling waves (as the TdMmode). Although the CFS-PML 1990, However, despite numerous works, litlle pesgrwas

could in principle address any situation by varyiitg o,

parameter within it, the SM-HABC appears as supehtore

numerical experiments should be performed to calecland
compare more extensively the two ABCs in situaticlase to
realistic applications, but the less restrictivesuasptions of
the SM-HABC are, a priori, a favorable feature.

504-632-160-Cell Airplane

6.25-6.25-6.25-cm Cell
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Fig. 4-10. Electric field on the surface of a 504-632-160-eéplane with
SM-HABCSs of 3, 5, 7 stretched cells, for a unitgstad a double-exponential
pulse.

On the other side, the HABC is only described i6-58]
for the simulation of free space in a vacuum. Obsip it
could also be used with little change in isotropitd non
dispersive media. However, its extension to moremex
media is far from trivial. Finding analytical ABGsr general
media has been a challenging and mainly unsolvedtaun in

observed during this period. The PML ABC introduded
1994 rapidly appeared as a breakthrough advancaubedt
can outperform previous ABCs in the two principspeacts of
the simulation of free space: 1/ the reductionhef teflection
from the ABC, which means a better accuracy of the
calculations, and 2/ the reduction of the overathputational
cost of the calculations. In addition, the PML hlagen
extended easily to any media, including dispersive,
anisotropic, and metamaterial media. However, eifethe
PML is effective and universal, the more recentiyraduced
Huygens ABC enriches the range of available ABGs. |
permits re-use of the existing analytical ABCs imliierent
and successful manner, and subsequently permitteign of
ABCs that can challenge the PML, and may outperfirin
some problems, especially regarding the questionthef
simplicity.

What is clear nowadays is that the problem of the
simulation of free space has not been well undedsta the
years 70 and 80. The researches were focused on the
improvement of the absorption of traveling waves,ifaonly
traveling wave existed. In reality, evanescent wawe
present in most problems. This explains why thems hot
been significant progress during this period. Téeson of the
effectiveness of the PML and HABC mainly lies ineith
ability to absorb the evanescent fields. With thdLPby
means of complementary reflections (Ramahi effeat) by
using an optimized CFS stretching factor. With isBC by
means of operators designed to this end, or by shedin
combinations with such non conventional ABCs asnapke
real stretch of coordinates.

What may explain why the workers have not paid much
attention to the evanescent waves in the past dscidthe
absence of the general evanescent solutions oMtbevell
equations in the textbooks on electromagnetismjrfstance
in Stratton or Van Bladel textbooks. This lack bé tgeneral
waveform of the electromagnetic field has been lzstaxle to
interpret the reflection from PMLs, in the contextwhich the
evanescent solutions of the Maxwell equations hadbe
derived from scratch [40] in the 2D case (apperlix This
probably has been an obstacle as well for the dpwetnt of
effective analytical ABCs in the 70s and 80s.

Finally, although nowadays the simulation of frpace is
considered as satisfactory in most situations, Ipaising the
PML ABC, progress is endless and there is stillmmofor
works in the field of ABCs. With such objectives #w®
simplicity of the implementation, the simplicity tife settings

the past. Thus, at present there is no availabkradbgr to of the ABC, or the reduction of the sensitivitytbé results to
estimate the outgoing field in complex media. Tikia serious the parameters of the problem. In a vacuum, wticdheé most
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current medium in applications, the Huygens ABCrmpthe
way to new researches, mainly because of its unigatire
that permits easy combinations of different ABCawéver,
further researches can only succeed if one keepsind the
central question in the matter of ABC research cWlis, once
again, the fact that the evanescent waves have sbsorbed.
This in turn implies that a clear and explicit kriedge of the
general solutions of the Maxwell equations is alzdé.

APPENDIXA

EVANESCENT SOLUTIONS OF THEMAXWELL EQUATIONS

Let us consider the equation of dispersion of thexwell
equations in the 2D case:
W’
CT
Beside the usual solutiork(= wcoP/c, k, = w siné/c), the
following more general solution also satisfies ¢ggiation

(A-2)

kZ+k:= (A-1)

k, =% (coshy cos@+  sinhysind)
c

K, =% (coshy sin@- j sinhy cosd) (A-3)
o

where® andy are free parameters. The waveform epgqt-(

jkex- jkyy) of theE (or H) field is then in the form

. cosh .
Jw[t—TX (xcosé + ysmﬁ)} —gsinh)( (ycos@ - xsin 8)
e c

E=E, e (A-4)
By the rotation of coordinates defined in the figuthis can be
rewritten as

of (- coshx

E=E, e [l ¢

X } —Qsinh)(Y
e c

(A-5)

Fig. A-1. Rotation of coordinates.

Equation (A-5) is the waveform of a plane wave whos

phase propagates with spesiy/c in directionX forming the
angle © with directionx, and whose magnitude decreases i
directionY perpendicular toX. QuantityX € [-o, +x0] is the
evanescence parameter. The case0 is the special case of
the pure traveling waves.

Some results are derived in [40] about the reflectf the
evanescent waves from an interface, which also fmidhe
reflection by an ABC. For an incident wave whoseageh

propagates in directio® the phase of the reflected wave

propagates in directior—6, as that of a pure traveling wave.
And the evanescence paramejeiof the reflected wave is
equal in magnitude, but opposite in sign, to tHahe incident
wave.

The 2D solutions of the Maxwell equations are sidfit to
compute the reflection coefficients from an anab#iABC or
from a PML, because ABC problems are mainly 2D [ewis
(at least as long as the medium is isotropic).

APPENDIXB

EVANESCENT FIELDS IN THE VICINITY OF SCATTERING
STRUCTURES

Apparently, in the literature or textbooks, thesenothing
about the general form of the evanescent fieldsosading
structures stricken by an incident wave. Only cécalrcases
are addressed. In order to interpret the obseredldction
from PMLs, it was assumed in the work [40] that thes
frequency field around PEC structures is composéd o
evanescent waves whose evanescence parametes
connected with the frequency by the relationship:

wsinhy= p% (B-1)
where p is a parameter of the order of unity andis the
(largest) size of the structure. The relationshigsweduced
from the fact that the evanescent fields stronglgrdase over
a distance of the order of the largest size of teday
structures. Taking account of the coefficient ofréase of the
evanescent waves (appendix A, formula A-5), th@soaing
yields:

—Qsinh)(w _
¢ eP (B-2)
or equivalently (B-1). The formula (B-1) is fundantal to
optimize the CFS-PML (itx, parameter). It could also be
used to design operators for the absorption of es@ent
waves in scattering calculations.

Formula (B-1) can be viewed as obtained empirically
However, more recently the question has been igatet
theoretically and a rigorous formula derived in $ipecial case
of symmetric 2D structures [59]. In that case, spectrum of
the plane waves evanescent in the direction peipaad to
the largest sizew presents peak values for the following

X parameters

w coshy,, = @m+1 7€ (B-3)
w

with magnitudes of the peaks decreasingh@gows. Since the
resonance frequency isy = 1 ¢/w, far below the resonance
coshx >> 1 holds. From which cogh~ sintx and then (B-3)
agrees well with (B-1). It can be noticed that (Bis3the same

as the formula that holds for a parallel plate,hwjitst the
Bbject sizew in place of the waveguide width.
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